MULTIVARIATE BEHAVIORAL RESEARCH, 42(2), 283-321
Copyright © 2007, Lawrence Erlbaum Associates, Inc.

An Unscented Kalman Filter Approach
to the Estimation of Nonlinear
Dynamical Systems Models

Sy-Miin Chow
Department of Psychology, University of Notre Dame

Emilio Ferrer
Department of Psychology, University of California, Davis

John R. Nesselroade
Department of Psychology, University of Virginia

In the past several decades, methodologies used to estimate nonlinear relationships
among latent variables have been developed almost exclusively to fit cross-sectional
models. We present a relatively new estimation approach, the unscented Kalman
filter (UKF), and illustrate its potential as a tool for fitting nonlinear dynamic mod-
els in two ways: (1) as a building block for approximating the log—likelihood of
nonlinear state—space models and (2) to fit time-varying dynamic models wherein
parameters are represented and estimated online as other latent variables. Further-
more, the substantive utility of the UKF is demonstrated using simulated examples
of (1) the classical predator-prey model with time series and multiple—subject data,
(2) the chaotic Lorenz system and (3) an empirical example of dyadic interaction.

Dynamical systems are systems that change over time such that their current
states are somehow dependent upon their previous states (Alligood, Sauer, &
Yorke, 1996). Change concepts described in most dynamical systems models
are by no means novel to psychologists. From the rather controversial differ-
ence scores (e.g., Bereiter, 1963; Cronbach & Furby, 1970; Nesselroade & Cable,
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1974) to more recent dynamic models (Newell & Molenaar, 1998; Thelen, 1989),
change study comes in various guises but remains a central interest of many
researchers. With decades of new developments in modeling techniques, re-
searchers today are better equipped than ever before to answer questions related
to change in both univariate and multivariate contexts.

Several unresolved issues remain. Currently, most contemporary dynamic
modeling techniques in psychology are grounded primarily on linear theories
of change. Furthermore, most prevalent tools for conducting nonlinear dynam-
ical systems analysis are exploratory in nature (e.g., Lyaponov exponent and
surrogate data sets; Kaplan & Glass, 1995). Psychologists are thus at a criti-
cal juncture—in order to benefit from the ideas and innovations of dynamical
systems analysis (Haken, 1977/83; Thelen, 1989), greater integration of theory-
driven ideas with existing modeling tools is imperative. Timely solutions to this
issue include newer estimation techniques that allow researchers to assess dy-
namic models (particularly nonlinear dynamic models) within a confirmatory,
model-fitting framework (Boker, Neale, & Rausch, in press; McArdle & Ham-
agami, 2001; Molenaar & Raijmakers, 1998; Oud & Jansen, 2000).

We present in this paper a nonlinear estimation technique known as the un-
scented Kalman filter (UKF; Julier, Uhlmann, & Durrant-Whyte, 1995). This
technique and its variations (e.g., Van der Merwe, Doucet, Freitas, & Wan,
2000) have been used widely in engineering and the physical sciences to esti-
mate factor scores and parameters from noisy data. We use the UKF to estimate
parameters for nonlinear dynamic models in two different ways. In the first
approach, we use output from the unscented Kalman filter in conjunction with
a likelihood function known as prediction error decomposition (Harvey, 1989;
Schweppe, 1965) to yield quasi-maximum likelihood parameter estimates for a
subclass of nonlinear dynamic models with additive Gaussian process and mea-
surement noises. In the second approach, we represent unknown parameters as
factors and estimate factor scores and parameters jointly as new measurements
are incorporated sequentially.

The present article is organized as follows. We first review the mathemati-
cal basis of the linear Kalman filter (i.e., the linear counterpart of the UKF),
followed by an overview of concepts and algorithms underlying the UKF. We
then illustrate how the UKF can be used in conjunction with standard optimiza-
tion procedures to yield quasi—-maximum likelihood parameter estimates, or as a
stand—alone approach wherein factor scores and parameters are estimated jointly
as latent variables. The applicability of the proposed approaches is demonstrated
using three illustrative examples, including (1) the classical predator-prey model
(Lotka, 1925; Volterra, 1926), (2) the Lorenz system (Lorenz, 1963)—a nonlin-
ear deterministic model (i.e., a model with no process noise) generally regarded
as one of the important hallmarks in the study of chaos, and (3) an empirical
example of dyadic interaction. Finally, we summarize and discuss progress in
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developing other sequential Monte Carlo methods that are more suited toward
fitting nonlinear dynamic models with non—Gaussian noises.

Issues in Fitting Linear Differential or Difference
Equation Models

Research in the past few decades has underscored the difficulties involved in
fitting differential equations or their corresponding integral solutions directly
to empirical data—even in the simpler linear case. We focus our discussion in
this section on the case of linear difference/differential equations due to their
long—standing appeal to social and behavioral scientists (e.g., Coleman, 1968).
In general, evaluating linear differential equations empirically is not a straight—
forward process because almost all linear differential equations have integral
solutions that are nonlinear (e.g., involving exponentials). In earlier approaches,
several researchers resorted to using nonlinear transformations to parameterize
a known nonlinear integral solution into a linear model, which they then fit to
empirical data using standard regression or structural equation modeling (SEM)
software (e.g., Arminger, 1986; Hamblin, Hout, Miller, & Pitcher, 1977). Be-
cause nonlinear transformations were done independently of the regression or
SEM model fitting, not all the appropriate nonlinear constraints were (or could
be) imposed. As pointed out by Hamerle, Nagl, and Singer (1990), the re—
parameterized linear model does not have a one—to—one correspondence with
the original integral solutions and as a result, in no way offers a test of the
original differential equation of interest.

The problems pointed out by Hamerle et al. (1990) only highlight the tip of the
iceberg of difficulties associated with fitting dynamical models. To date, several
alternative approaches can be used to fit linear difference/differential equations
or their integral solutions directly (as opposed to their reparameterized versions)
to empirical data (e.g., Boker et al., in press; McArdle & Hamagami, 2001; Oud
& Jansen, 2000; Singer, 1991). With few exceptions (e.g., Molenaar & Rai-
jmakers, 1998), however, nonlinear difference or differential equations remain
largely uncharted territory. In stark contrast is the disproportionate amount of at-
tention devoted to fitting nonlinear latent cross-sectional models (e.g., the model
considered by Kenny & Judd, 1984). Some of these issues will be highlighted
next.

Problems in Fitting Nonlinear Cross-Sectional Models

Since the proposals of Kenny and Judd (1984), the difficulties inherent in fit-
ting nonlinear models within a latent variable framework have become a topic
of ongoing controversies. Even though more practical ways of fitting these
models have been proposed in recent years (Joreskog & Yang, 1996; Klein &
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Moosbrugger, 2000; McArdle & Ghisletta, 2000; Schumacker & Marcoulides,
1998), generalizing these methods to fitting nonlinear dynamic models remains
a formidable task.

Briefly, the problem is as follows. In a SEM context, when the interaction
between two latent variables (arbitrarily denoted here as f; and f;) is part
of one’s hypothesized structural model, manifest product terms will have to
be provided explicitly to identify the interaction term (i.e., f1 - f2). Because
product terms are just functions of the linear terms, all the variances and co-
variances associated with the latent interaction term and their corresponding
indicators’ uniquenesses are also functions of variances and covariances of the
linear terms. Kenny and Judd (1984). demonstrated that the parameter estimates
from model fitting would be highly biased if such dependencies are not properly
specified in one’s model. Of all commonly endorsed estimation methods, maxi-
mum likelihood-based approaches with nonlinear constraints (Joreskog & Yang,
1996; Moulder & Algina, 2002) and the EM approach with normal mixtures
proposed by Klein and Moosbrugger (2000) are generally regarded as two of
the leading approaches in estimating nonlinear relationships among latent vari-
ables. Bayesian approaches such as Markov chain Monte Carlo (MCMC) have
also been used by Arminger and Muthén (1998).

Despite the widespread enthusiasm for the aforementioned Kenny-Judd model,
very few researchers have considered longitudinal models with latent interac-
tions (with the exceptions of e.g., Li, Duncan, & Acock, 2000; Wen, Marsh,
& Hau, 2002). In fact, the number of nonlinear constraints one has to spec-
ify quickly becomes cumbersome in more complex longitudinal models, fur-
ther leading to more opportunities for model misspecification. As a whole, so-
cial scientists are well aware of the substantive utility of nonlinear differential
or difference equations (e.g., Newell & Molenaar, 1998). Clearly lacking are
more estimation techniques that allow a direct mapping between such mathe-
matical models and empirical measurements. The unscented Kalman filter ap-
proach described herein extends some of the available modeling tools to this end
(Molenaar & Raijmakers, 1998; Oud & Jansen, 2000). We now summarize the
key concepts underlying the linear Kalman filter and the associated state—space
modeling framework before proceeding to the case of nonlinear state—space
models.

THE LINEAR KALMAN FILTER (KF)

The Kalman filter (KF; Kalman, 1960) is an estimation technique used in a wide
array of disciplines to track ongoing (i.e., online) changes in latent variables (e.g.,
to track the current position of a vehicle; Gelb, 1974). As such, the KF in its
earliest formulation can be seen as a sequential least-squares approach for esti-
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mating longitudinal factor scores when no prior information is available (Dolan
& Molenaar, 1991; Oud, van den Bercken, & Essers, 1990; Zarchan & Musoff,
2000). In other instances, the KF is often used in conjunction with a maximum
likelihood procedure termed prediction error decomposition to estimate param-
eters for dynamic and time series models (Durbin & Koopman, 2001; Kim &
Nelson, 1999; Shumway & Stoffer, 2004). Central to the prediction algorithm
of the KF is a state—space model that specifies the dynamic and measurement
relations among latent states and manifest observations. Formulation of linear
state—space models will be described next.

Linear State—Space Models

The term state—space models corresponds more to a general way of representing
the measurement and dynamic relations of a set of latent and manifest variables
than to a specific “kind” of model. To facilitate our presentation, we use nota-
tion similar to LISREL’s to highlight the parallels between state—space models
and the structural and measurement models in LISREL. Interested readers are
referred to elsewhere for more thorough comparisons in the linear case (e.g.,
MacCallum & Ashby, 1986; Otter, 1986; Oud, 2004). Note that factor scores in
the engineering and physical sciences literature are often referred to as latent
states and we hereby use the terms states and factor scores interchangeably.
However, we emphasize that the term states is used to describe the “true scores”
or status of a system even when a single indicator is used whereas a factor
is usually associated with multiple indicators. The two terms thus differ very
subtly in this regard.

In a linear state—space model, the dynamics of a set of latent variables at
time ¢ are represented as

Mit = os + Bmi—1 + Gir, (1)
and the corresponding measurement model is expressed as
Yit = T + Air + €z (2)

Here, n;; is a vector of length w that represents person i’s latent state at time ¢,
apprehended through a p x 1 vector of manifest variables y;; a; is w x 1 vector
of constants at time #, By is a w X w transition matrix depicting the transition
of the system from time #-1 to ¢, {;; is a w x 1 vector of residuals or process
noise representing uncertainties not accounted for by the assumed model. A; is
a p x w matrix of factor loadings at time 7, 1; is a p x 1 vector of intercepts
at time ¢, and €;; is a p—variate vector of measurement errors for person i at
time ?.
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The process and measurement noises ({; and ¢;) are assumed to be Gaussian
processes that are normally distributed over time and subjects with a mean of
zero and covariance matrices ¥ and ® respectively, represented as

Cir ~ NO,¥) and 3)
€ir ~ N(0,®). 4)

In short, n; and y; represent latent variables and noisy observations at time 7,
respectively. Bs, Ay, oy, T, ¥, and O are either time—varying or time—invariant
parameters to be estimated in conjunction with ;. Equation (1) is thus a very
general representation of a one—step—ahead prediction equation for linear pro-
cesses with auto—and cross—regressions up to an arbitrary order s. A variety of
time series, difference and even differential equation models (with appropriate
discretization procedures) can thus be formulated and fitted as state—space mod-
els in the form of Equations (1)—(2) (Harvey, 1989; Hamilton, 1994). In some
applications, additional exogenous input vectors are incorporated into Equa-
tions (1)—(2) to represent the effects of other external variables on m; and y;
(Gelb, 1974) but this alternative representation form is not considered here.

Procedures for Implementing the KF

General description. After a state—space model has been formulated, the
Kalman filter (KF) can then be used to to predict the current states of a system
given information up to the current time point.! Factor scores are estimated by
minimizing prediction errors in the least squares sense (Molenaar & Raijmakers,
1998; Zarchan & Musoff, 2000). The KF in its original form is composed of
two major phases, including (1) a projection phase during which factor score
expectations for the next time step are generated, and (2) an update phase during
which information from manifest variables is incorporated to update estimates
from the projection phase.

Originally developed as a mechanism for estimating states, unknown pa-
rameters are commonly estimated using one of three possible ways. The first
approach, referred to herein as the dual Kalman filter approach, is designed to
run two KF chains in parallel to estimate the states and the parameters succes-
sively. The second approach, known as the joint Kalman filter approach, serves
to augment the w x 1 vector of latent states, 1), by including unknown param-
eters to be estimated jointly with the unknown states. The dual and joint KF
approaches are commonly used when parameter estimates have to be derived

!Closely related but not considered here are Kalman smoothers that are used to make predictions
by incorporating information from all time points (Dolan & Molenaar, 1991; Harvey, 1989; Oud,
Jansen, van Leeuwe, Aarnoutse, & Voeten, 1999; Shumway & Stoffer, 2004).
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sequentially as new observations are being collected (e.g., in many applica-
tions for tracking moving objects; Wan & Nelson, 2001). The third approach
is based on computing log—likelihood statistics from output of the KF and sub-
sequently optimizing the corresponding log—likelihood function with respect to
the parameters to yield ML parameter estimates. This likelihood-based approach
capitalizes on a prediction error decomposition function (Harvey, 1989; Kim &
Nelson, 1999; Schweppe, 1965; Shumway & Stoffer, 2004) to derive likelihood—
based parameter estimates, and it is often used in the econometric and social
sciences literature as a batch estimation approach wherein parameter estimations
are performed after all the observations have been collected.” The illustrative
examples in the present article are designed to demonstrate how the joint and
the likelihood—based approaches are implemented. Because the dual and joint
KF approaches can be understood as straight—forward extensions to the KF pro-
cedures, we elaborate on the third approach in more detail below, and defer a
more thorough discussion on the first two approaches to a later section.

Implementation details. The KF is first initiated by setting the states and
their associated covariance matrix at time ¢ = 0 (i.e., agjo and Py)o, respectively
for all persons) to some user—specified, (often uninformative) initial conditions
(Harvey, 1989). Initial guesses on the parameters are then used to estimate person
i’s factor scores from time ¢+ = 1 to 7. Specifically, person i’s state estimates
at time ¢ and the associated covariance matrix are computed as

Niglt—1 = O + BeMjz—1s—1, and (@)
Py = By P,_l‘,_lB,’ + W, [Projection phase] (6)

where n; ;;—1 is person i’s expected states estimates at time ¢ based on in-
formation from time ¢ — 1, and P;,—; is the associated covariance matrix for
all persons. ¥ and ® are process and measurement noise covariance matrices,
respectively, as defined in Equations (3)—(4).

The estimates for 1;; and P; at time ¢ are updated based on manifest infor-
mation available at time ¢ using a gain function. These updates are defined as

Kijt = Py, Py, (7
Nitle = Niglr—1 + Kt\t[)’it — (Aigpe—1 + )], (8
Py = [I — Ky s A¢] Pyjs—1, [Update phase] 9

2 Although less prevalent, maximum likelihood—based methods and their sequential counterparts
have also been considered in various engineering applications (e.g., Mehra, 1972).
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where the difference [y;; — (A¢M;s1—1 + 1;)] shown in Equation (8) is the one—
step—ahead prediction error that reflects the discrepancy between predicted and
actual measurements at time ¢. K;; is a gain function that determines how
heavily the prediction error is weighted in updating the current estimate of n;
for person i, Py, y, represents the covariance between the latent states and the
manifest observations and it is given by Py,—1A;. P), represents the variance
in the manifest observations y and it is given by [A; P;;—1A;" + ©]. The same
projection and update phases are then performed for person i = 1 to N. As
mentioned earlier, with the absence of prior information, the linear KF is simply
a recursive least squares approach. Thus, as demonstrated by several researchers
(Dolan & Molenaar, 1991; Otter, 1986; Oud et al., 1990), the KF yields identical
factor scores as the regression estimator in the special case of cross—sectional
models (i.e., T = 1).

As the KF is cycling through the estimation across 7' time points and N
persons, several by—products from the KF are available at each time point #
from each person i. These by—products can be substituted into the prediction
error decomposition function to yield raw data ML estimates of the parameters.
More specifically, letting

eislt—1 = Yir — (AeMiygp—1 +v) and (10)
Py: = Ay Pis—1 Ay + O for all persons, (11)

the log likelihood function can be written as a function of the prediction error,
e;tr—1, yielding

LLkF(0)

12)

T
D> [piclog2 ) —log|Py:| — (€] ,_ ) Py;  (eii—1)),

i=1t=1

where p;; is the number of complete manifest variables at time ¢ for person i.?

Maximizing Equation (12) with respect to the parameters in A, t, B, o, W, and
® (collectively represented below and in Equation (12) as a vector 6) results
in ML estimates of these parameters. Originally proposed by Schweppe (1965),
the specific form of log-likelihood function shown in Equation (11) was later
termed prediction error decomposition (e.g., Caines & Rissanen, 1974; Harvey,
1989). It capitalizes on the idea that the one—step—ahead prediction errors are

3Note that the person and time indices in p;; are used to indicate that incomplete observations at
the individual level can be accomodated flexibly in the context of the prediction error decomposition
function. The dimension for Py, , however, should remain the same across all individuals and time
points.
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normally and independently distributed after all the dynamic and measurement
relationships in a system have been accounted for—which greatly simplifies the
form of the likelihood function (Shumway & Stoffer, 2004). We will return
to this point later when we discuss the formulation of likelihood functions for
nonlinear state—space models.

Nonlinear State—Space Models

Moving beyond the constraints of linear state—space models with Gaussian noise
processes, state—space models can be represented more generally as

Nigji—1 = f(Miz—1,8;) and (13)
Yie = hMiyg, €ir), (14)

where f(n;;—1,8;s) and h(n;¢, €;¢) can be used to depict any linear or nonlin-
ear regression functions for the dynamic and structural models. For instance,
distributions of the noises across time and persons can be non—Gaussian, and
they do not need to show an additive relationship with the latent states n. Equa-
tions (13) and (14) can be represented even more generally as the conditional
density functions p(n;|ns—1,9:) and p(y¢|n:, 6;), respectively. The probabilistic
representation form is useful when Monte Carlo methods are used e.g., to derive
the posterior distributions of latent states and parameters (Kitagawa, 1998). Be-
cause of the nonlinearity in Equations (13)—(14), the linear KF procedures can
no longer be used. Of all the nonlinear Kalman filter approaches, the extended
Kalman filter (EKF) is by far the most commonly endorsed estimation approach
(Gelb, 1974). We thus highlight their similarities to the UKF briefly.

Extended Kalman Filter (EKF)

The EKF is designed to estimate a subclass of nonlinear state—space models
with additive, Gaussian process and measurement noises. For each time ¢, the
nonlinear dynamic and measurement functions are linearized locally around the
current state estimates, 1;|;—1, using first-order Taylor series expansion. Projec-
tion and update phases similar to those used for the KF are then executed as
follows.

First, the state estimates are projected from time t — 1 to ¢ as

Nitlt—1 = f(ni,t—l)‘ (15)

Predicted observations are obtained as

Yitlt—1 = h(nit\t—l)‘ (16)
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Because the process noise and measurement noise (i.e., { and €) are assumed to
be additive and are independent of the latent states in the present model, they
do not appear in Equations (15) and (16) as part of the expected states and
expected observations. In contrast, in the more general nonlinear state—space
models depicted in Equations (13)—(14), there could be nonlinear dependencies
between the latent states and the process or measurement noise, thus making
it necessary to include the noise terms in formulating the expected equations.
The dynamic and measurement functions are then linearized around the state
estimates by substituting Jacobian matrices Fj, and H;; in place of B; and A,
in Equations (6), 7, and (9), with

af (nie)

Fiy = Whm—m—n and a7
3h(7]it)

Hi; = Whﬁ.tlt—l’ (18)

where the jth row and kth column of Fj; carries the partial derivative of the jth
dynamic function with respect to the kth latent variable, evaluated at subject i’s
posterior state estimates from time 7 — 1, 1; ;—1,—1. By the same token, the jth
colum and kth row of Hj, carries the partial derivative of the jth measurement
function with respect to the kth latent variable, evaluated at subject i’s prior
state estimates at time ¢, ni,,‘,_l.“ If process and measurement noises are also
functions of the latent states, then Jacobian matrices composed of partial deriva-
tives of these functions with respect to the latent states have to be provided
as well.

Stated briefly, the EKF only retains the first—order (i.e., linear) terms from
Taylor series expansions of the associated nonlinear functions. This is thus a
linearized approximation to the original nonlinear functions and in cases in-
volving high non-linearity, the resultant mean and particularly the covariance
estimates are biased. In such cases, unstable filter performance may result and
the linearized functions often have to be linearized again or a higher—order EKF
will have to be used (Julier & Uhlmann, 2002). The need to provide the first—
and possibly higher—order Jacobian matrices also limits the class of state—space
models to which the EKF can be applied (i.e., functions that are differentiable
up to the appropriate orders with respect to the states).

In contrast to the EKF, the mean and variance—covariance estimates obtained
using the unscented Kalman filter (UKF) proposed by Julier et al. (1995) is at
least accurate up to the second (i.e., quadratic) order. It is well proven that the

4The subject index in F;;, and Hj, is used to indicate that the associated Jacobian matrices
have different numerical values because they are evaluated at each subject’s respective current state
estimates, not that the dynamic or measurement functions are subject-dependent.
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UKF algorithm we describe in the forthcoming section leads to higher estimation
accuracy than a first-order EKF. We therefore refer the reader to the work
of Julier and Uhlmann (1996). for a detailed analytic proof, and to extensive
simulation results published elsewhere (Van der Merwe et al., 2000; Wan & Van
der Merwe, 2001; Ngrgaard, Poulsen, & Ravn, 2000; Sitz, Kurths, & Voss, 2002)
instead of providing further simulation results here. Of course, we emphasize that
the EKF remains a benchmark filter because of its straight—forward relatedness
to the linear KF. In many instances, it still serves as the crux of other add-
on functions to collectively constitute newer, more robust filtering or smoother
techniques (Molenaar & Newell, 2003; Ghahramani & Roweis, 1999).

Unscented Kalman Filter (UKF)

The essence of the unscented Kalman filter (UKF; Julier et al., 1995) can be
summarized briefly as follows. For each measurement occasion ¢, a set of de-
terministically selected points is used to approximate the distribution of the
previous state estimates from time 7 — 1 using a normal distribution with a mean
vector n;_q|;—1, and covariance matrix proportional to the state covariance ma-
trix, P;_1|,—1. These points, termed sigma points, are specifically selected to
capture the dispersion around v;_|;—1. These sigma points are then projected
forward in time using the nonlinear dynamic function in Equation (13) and
weighted after the transformation to yield n,;—; and P;;_;. Then, the same
sigma points are projected using the measurement function in Equation (14),
reweighted, and used to update the estimates in conjunction with the new ob-
servation at time ¢ to yield v, and Py|;. In general, both the EKF and the UKF
use gaussian approximations to represent the prior and posterior densities of the
latent states based on manifest information from time # = 1 to time t — 1 or ¢
(i.e., pM¢|y1:4—1,0) and p(m¢|y1:,9)), respectively. Unlike the EKF, however,
the UKF also captures the dispersion in the prior and posterior densities accu-
rately (see Figure 1). The additional scaling constants proposed later by Julier
and Uhlmann (2002) can also be used to accommodate slight deviations from
normality—namely, to reconstruct symmetric densities with higher or smaller
kurtosis (i.e., with fatter or longer tails) than a Gaussian distribution.

The abovementioned sigma—point transformation algorithm, capitalized on
repeated applications of a transformation technique known as the unscented
transformation, is computationally efficient. This is because the sigma points
are selected according to a deterministic scheme (instead of a random sampling
scheme as in Markov chain Monte Carlo; see e.g., Arminger & Muthén, 1998).
Further details pertaining to the UKF are summarized below in five major steps
(Julier & Uhlmann, 2002; Wan & Van der Merwe, 2001). For ease of presenta-
tion, we omit subject index i from our outline below but note that we are still
considering the general case wherein parameters are allowed to be time—varying
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(A) EKF
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(B) UKF
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FIGURE 1 A conceptual comparison between the EKF and the UKF when the latent state
is a one—dimensional system. (A) The EKF approximates the prior and posterior distribu-
tions of states at each time step by using Gaussian distributions. Because all but the linear
terms from Taylor series expansion are ignored, this approach does not always capture the
variance of the distribution correctly. Sequential approximations of the nonlinear dynamic
and measurement functions by using first-order linear approximations also lead to lower
estimation accuracy in cases involving high linearities. (B) The UKF approximates the prior
and posterior densities at each time step by using Gaussian distributions created using sigma
points (represented as unfilled circle). Because this approach correctly captures the mean, as
well as the variance of the state variables before the nonlinear transformation, it also captures
the posterior mean and variance correctly through the weighted mean and variance of the
post—transformation sigma points.
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but invariant across subjects, and states are allowed to vary over time as well as
over subjects.

We present the UKF algorithm in relation to a computationally simpler sub-
class of state—space models with additive process and measurement noises also
assumed in the case of the EKF. This model is expressed as

Neje—1 = f(Mr—1) + 8 and (19)
ye=hne) + €. (20)

In cases with non—additive noises (e.g., if the noise terms actually appear as
part of f[.] or h[.]), additional sigma points will have to be used to approximate
the distributions around the current noise estimates. In models with additive
noises, the number (and thus computational costs) of the sigma points is reduced
substantially. Derivation for these estimates is illustrated in more detail in Julier
and Uhlmann (2002) and a summary of the UKF algorithm with non—additive
noise is detailed in Wan and Van der Merwe (2001).

Step 1: Selecting sigma points. Given a wx 1 vector of latent states, a
set of 2w 4 1 sigma points is selected as

X0,.—1 = Ne—1]r—1> 21

Xkt—1 = Ne—17—1 + [/ (w+ )\)Pt—l\t—l]ak =1...,w (22)

Xk,t—l :nt—l‘t—l_[ (w+)\‘)Pt—l‘t—1]vk:w+1v”‘32wv (23)

where w is again the dimension of 1> The term A is a scaling constant composed
of two user—specified constants, written as

A=a(w+Kk)—w (24)

The UKF is at least accurate up to the second order but biases in higher order
terms are scaled by these constants. In cases where prior knowledge of the
skewness and kurtosis of the state distribution is known, this information can be
further utilized to specify the scaling constants in Equation (24). The constant

5Note that half of the sigma points are placed to the left of the previous estimate 1 t—1|t—1» and
the other half to its right. Thus, the sigma—point index k goes from 1 ... w, and w + 1...2w.
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a is a value between .0001 and 1 that determines the spread of the sigma points
away from v;_y|,—1. Thus, a can be used to control the amount of higher—order
nonlinearities in the vicinity of 1; |, that one wants to take into account. If the
sigma points are specified to be very close to 1;_|;—1, more of the higher—order
nonlinearities are ignored. The constant k is a positive constant used to scale the
kurtosis of the sigma point distribution when desired. In practice, the value of k
is not critical and it is usually set to 0, or to 3 - w to ensure that the kurtosis of
the sigma point distribution agrees with the kurtosis of a Gaussian distribution
(Julier & Uhlmann, 2002; Wan & Van der Merwe, 2001).

Step 2: Nonlinear transformation of sigma points through dynamic func-
tion. After these sigma points have been selected, each of them is propagated
forward in time through the dynamic equation as

X¥kt|lt—1 = f(Xk,t—l)- (25)

Step 3: Compute prior state and covariance estimates for latent states.
Prior state estimates (i.e., 1;|;—1) and covariance estimates (i.e., P;;—1) at time ¢
are approximated by the weighted mean and variance of the transformed sigma
points. Defining the set of weights for the sigma points as

N
WO(‘)=m+1—a2+B for k = 0, (26)
W = gk =0and 27)
0 w4+ A
© (m) 1
WO =w"™=_— " fork>0. 28
T T oy T (28)

The prior state and covariance estimates are then computed using the sigma
points and their associated weights as

2w

N1 = Y WX ka1 and (29)
k=0

Prio—t = WKk aem1 = M=) Xfgpmt — e 1+ ¥ (30)

where P is another scaling constant used to incorporate prior knowledge of the
distribution of n in the state prediction and update. For Gaussian distributions,
B = 2 is optimal (c.f., Van der Merwe et al., 2000). In short, the prior state



UNSCENTED KALMAN FILTER 297

estimates 1,,—; are derived from a weighted mean of the sigma points from
step 2, and the prior covariance matrix Py, is estimated as the weighted sum
of the squared distances of all the sigma points away from n,|;—;.

Step 4: Transformation of sigma points through measurement function.
In a similar way, we derive predictions for the manifest observations by subject-
ing the sigma points to the transformation dictated by the measurement function.
More specifically, the predicted measurements and their estimated covariance
matrix are generated by first augmenting the prior state sigma—point set (i.e.,
X *k,t|r—1) to include the uncertainty constituted by the process noise as

Xk,tlt—1 = [x *kotlt—1 5 X Fk,tle—1 +)\‘/E§ X *k,tlt—1 _)\‘/E]a (3D

and subsequently projecting the concatenated sigma—point set through the mea-
surement function as

Yk,t\t—l = h(Xk,t\t—l)- (32)

Predicted observations and the associated variance and covariance matrices are
computed as

2w

Ve—1 = > W Va1, (33)
k=0

2w
Py, = Z Wk(C)[(Yk,t\t—l = V=) Yk 21 — yt\t—l)/] +0 (34
k=0

2w
P,y = Z Wk(C)[(Xk,t\t—l = Nejr—1) Yk ,rj—1 — Yt\t—l)/]- (35)
k=0

Because of the additive process noise, the uncertainty constituted by the process
noise can be temporarily “dissociated” from the dynamic process and added
after the transformation f[.]. Otherwise, sigma points constructed around the
current process noise estimates will have to be propagated through f[.] with the
state sigma points (i.e., Xk,—1 in Equation (25)) in step 2 as well. The same
rules apply here to the additive measurement noise.

Step 5: Defining and executing the Kalman filter function. With out-
put from step 4, actual observations are finally brought in and the discrepancy
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between model prediction and actual observations (i.e., the one—step ahead pre-
diction error) is weighted by a Kalman gain function to yield posterior state and
covariance estimates as

Kije = Py, Py, (36)
Nele = Neje—1 + Ko (Ve — Yeje—1)s 37
Pt\t = Pt\t—l - Kt\th[K,/‘,a (38)

The gain and update equations are formulated in equivalent form to equations
in the linear case, except that they are composed of elements computed using
the aforementioned weighted sigma points. Step 1 to step 5 are then repeated
until all the observations have been incorporated. A conceptual summary of the
UKF is presented graphically in Figure 2.

Approximating Likelihood Using Output from the UKF

In order to use maximum likelihood to estimate parameters for nonlinear state—
space models with (possibly) non—Gaussian noises, a likelihood function that
takes into account the appropriate time dependencies in the data has to be for-
mulated as (Doucet, 1998; Kitagawa, 1998)

L®O)=pO»1.....yrl9) (39)

T
=[1pGely1 ... ye-1.0), (40)
t=1

where p(y¢|y1,..., yi—1,0) is the conditional density of y, given all the obser-
vations from y; to y;—;. Due to the dependencies between y, and v, p(y¢|,
Y1i,.-., )T, 0) is obtained by taking into consideration (i.e., integrating over) all
possible values of latent states 1; from the joint distribution of v; and y; as

p(yzlyl,...,yz_1,9)=/p(yz,nz|y1,...,yz_l,e)dnz, 41)

= /p(yzlnz,e)p(nzlyl, oo Ye—1,0)dng. (42)

In the linear case, the component p(n;|y1, ..., yr—1,0) can be readily obtained
using the linear Kalman filter. Using the UKF, this component is obtained by
means of Gaussian approximations. In certain special cases, the conditional
measurement density p(y¢|ns,0) also has known analytic forms. For instance,
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Step 1: Select sigma points set 7, , to capture the dispersion around the

state estimates from #-1. One of the sigma points is right on 77, 11,

161

¥
[ O . O ]—f Sigma points from step 1

Step 2: Subject these sigma points to nonlinear
dynamic function.

[Q ® 0}—>Z*t|t—1:f(lt—l)

Step 3. Compute 7,,; and Py, ; by calculating

@ the weighted mean and variance of Z*zlt- e

o % “Shuffle” Z*tlt- , by adding in process
noise.This leads to Xe-1.

Step 4: Subject Xe-110 nonlinear transformations
dictated by measurement function.

[ ? ® @ }—’ Vypy =2y )

Weighted to Compute y,, ;, Py, and Py,y, using weight mean,
. variance and covariance of Iy, ;. Py, takes into
yield Y t)t-1 account measurement noise covariance.
Actual Step 5: Compute Kalman gain, discrepancies between
observation { . 1 prediction and actual observations, and update Mot
Vi and Pt]z accordingly.

FIGURE 2 A conceptual summary of the unscented Kalman filter (UKF).

when a linear measurement model with additive Gaussian measurement noise
is used, p(y:|ns,0) assumes the form of a Gaussian density function. Other
more general nonlinear examples based on using measurement densities from
the exponential family can be found in Durbin and Koopman (2001).

As we mentioned earlier, in the context of the linear KF, the prediction error
decomposition function is used to derive L(8) based on one-step—ahead pre-



300 CHOW ET AL.

diction errors from the linear KF. These errors can be viewed as discrepancies
or new information brought in by current observations and are often termed
innovations. Thus, the prediction error decomposition function is referred to
as the innovations form of the likelihood function (Shumway & Stoffer, 2004)
with associated covariance matrix Py, given by Equation (11). In situations in
which the one—step—ahead prediction errors are independently and normally dis-
tributed after all the nonlinear dynamic and measurement relations have been
accounted for, the UKF provides the one—step—ahead prediction errors and Py,
(see Equation (34)) which can then be used in conjunction with the prediction
error decomposition function to yield approximate ML parameter estimates.
Young, McKenna, and Bruun (2001), for instance, used prediction error decom-
position in a similar way (but not with the UKF) to estimate parameters for
nonlinear stochastic systems.

We use the UKF in conjunction with prediction error decomposition in our
first illustrative example to estimate time—invariant parameters of the classi-
cal predator—prey model with single— and multiple—subject data. In our second
illustrative example, we use the UKF to estimate the states and most of the
parameters for the Lorenz system, and then use the quasi-ML approach to
estimate the process and measurement noise covariances. Parameter estimates
obtained in both cases are accurate under assumptions of a linear measurement
model with additive and normally distributed process and measurement noises.
As the distribution of the prediction errors deviates more from normality (e.g.,
when the process and measurement noises are not normally distributed, or when
higher—order moments are needed to account for the high non-linearities in
one’s model), alternative approaches such as particle filters, MCMC methods
and gaussian mixture filters can be used. We discuss some of these possibilities
in the Discussion section.

SIMULATION EXAMPLES

Classical Predator—Prey Model

We used the UKF with prediction error decomposition to fit data simulated
using the classical predator-prey model (Lotka, 1925; Volterra, 1926), which is
often termed the Lotka—Volterra equation. This model captures the interaction
between a predator and a prey population and it is written as

X17 = F1X1; — d12X1: X2, and (43)
X2 = TaXor + A21X1: X2, (44)

where x;; corresponds to density of the prey population at time ¢ and x,; the
density of the predator population. The component X4, on the left-hand—side of
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the two equations thus represents the rate of change in the density of species ¢
at time 7. The parameter r; is used to represent the growth rate of the prey
population and r, is the death rate of the predator population because the latter
is hypothesized to decrease in size in the absence of its sole food source (i.e.,
the prey). Consequently, the interaction between the predator and prey popula-
tion is hypothesized to lead to negative outcome for the prey population (thus
Equation (43) has the component —aj, instead of +a12) whereas the predator
population is assumed to benefit from this interaction (the magnitude of which
is determined by a5;). Equations (43)—(44) are known to yield cyclic fluctu-
ations in predator and prey densities in a lead—lag manner. Alternatively, xi;
and x,; may represent a person’s scores on two tests, one of which is hypoth-
esized to be positively moderated by the other, and the other one is negatively
moderated by the first test. An extended version of this model was used by
Chow and Nesselroade (2004). to represent age differences in susceptibility to
interference.

Suppose we have data from 200 pairs of different predator—prey species and
wish to deduce a common trend that is invariant across all species. To formulate
multiple-species or multiple—subject predator—prey model as a discrete—time
state—space model, we express the dynamic and measurement models as

xite | [ fixine—1, Xi2,0—1,0) ] Cite

= ’ ’ + and 45
[xiZt_ | f2(xize—1, Xi2e—1,0) | | Cize (“43)
Yilt_ 1 0 €1
Yiat A1 O €21
Vi3t Aat O | [xus €3

- + 46
Viar 0 1 I:XZit] €iar (46)
Yist 0 As2 €5t
yier | L0 e | €i6r

where Xx;1; and Xx;,; are person i’s true underlying attributes apprehended re-
spectively through the indicators y;;;—V;3; and yiar—Yier- Cigr (¢ = 1,2)
represents the process noise that influences person i’s true attribute g at time ¢,
€;j; represents the measurement error associated with person i’s score on test j
at time ¢, A4 is the factor loading of indicator j on attribute ¢ and 0 is a
set of time—invariant parameters to be estimated (including ry, 12, a2, a2; and
process and measurement noise covariance matrices W and ®). The term f;(.)
represents discrete approximations to the differential equations in (44)—(45) by
means of a fourth-order Runge-Kutta approach. A fourth—-order Runge—Kautta is
a way to obtain numerical integral solution to a set of differential equations.
This is done by first deducing changes at four arbitrarily small intervals be-
tween two successive measurement occasions based on the dynamic functions,
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and subsequently computing the value of x;, at time ¢ by smoothing over these
changes. As the computation intervals become very small, a smooth, continuous
trajectory results (for implementation details see Press, Teukolsky, Vetterling,
& Flannery, 2002). In this way, a discrete trajectory is mapped onto a continu-
ous trajectory by smoothing over the “missing observations” that exist between
two measurement intervals. Note that the classical predator—prey was originally
formulated as a deterministic model (i.e., there is no process noise; see Equa-
tions (43)—(44)). For illustration purposes, we set W to be a diagonal matrix with
very small process noise variances.

We simulated data using true parameters in Table 1 with (1) a single time—
series with N = 1 and T = 200 and (2) multiple-subject data with N = 200
and T = 50. Results from model fitting are summarized in Table 1. Standard
errors associated with the parameter estimates were obtained by computing the
finite difference Hessian matrix evaluated at the final parameter estimates. In the

TABLE 1

True Parameters Used to Simulate the Classical Predator—Prey Model and Parameter
Estimates from Model Fitting. Standard Errors Are Included in Parentheses

(A) (B)
True UKF Estimates with UKF Estimates with
Parameters Values N=1T = 200" N =200 T = 50b
r1 4.0 3.843 (.003) 4.146 (.082)
2 3.0 3.133 (.003) 2.602 (.041)
aiz 8 805 (.001) 770 (.017)
a1 5 487 (.014) A79 (.005)
=1 0 =1 0 =1 0
9 0 .760(.043) 0 .978(.010) 0
A 70 .638(.026) 0 .766(.008) 0
0 =1 0 =1 0 =1
0o 8 0 .832(.022) 0 .770(.005)
0 12 0 1.356(.014) 0 1.160(.006)
.0001 [ .011(.009) . [.013¢.001)
v diag [.0001] diag [—.001(.000)] diag [.075(.002)
15 14.137(.677) 18.952(.319)
15 15.608(.936) 18.131(.296)
. |15 | 11.995(.862) ] 13.926(.182)
© diag | diag | ¢ 953(.586) diag | g 356(.179)
7 5.899(.178) 6.473(.089)
7 8.399(.265) 6.942(.102)

4Estimation procedure took 7.52 minutes of CPU time on a 2 GHz IBM laptop with 1 GB RAM.
YEstimation procedure took 14.54 hours of CPU time on a 2 GHz IBM laptop with 1 GB RAM.
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case of multiple-subject data, the UKF procedures were performed sequentially
from time ¢ = 1 to T, and for person i to N. We then used a minimization
function in Matlab called fininsearch to minimize —L L g F(8) in Equation (12)
iteratively until the changes in fit function in successive iterations are smaller
than an arbitrarily small value.

To create a more realistic scenario, we gave all the fictitious participants
in our multiple-subject case different initial scores at time 1 (specifically, we
added a normally distributed error term with a mean of zero and a standard
deviation of 5 to the average initial scores). The resultant individual trajectories
and aggregate curves are presented in Figure 3. For estimation purposes, each
individual’s observed scores on the first measurement occasion were uset to set
their initial conditions and the initial state covariance matrix was set to be a
diffuse diagonal matrix with variances of 100. As shown in Table 1, parameter
estimates converged satisfactorily to the true values in both the single time
series and multiple—subject cases. As is typical in most cases involving ML—
estimation of more complex nonlinear models, computational time was rather
long, especially in the multiple—subject case (see footnotes in Table 1).

25 ;

= Average predator density

Average prey density

Population densities

~10 ‘ ‘ ‘ ‘
0 10 20 30 40 50

Time

FIGURE 3 Individual trajectories and aggregate curves of the classical predator—prey sys-
tem. This system is known to show ongoing lead—lag fluctuations in densities over time.



304  CHOW ET AL.

Even though 50 measurement occasions may seem like a luxury for typical
applications in social sciences, we note that only two complete cycles of oscil-
lation were available for model estimation from each individual. This is because
the dynamics of the predator—prey system evolve relatively slowly over time at
our specific choice of parameters (see Figure 3). Researchers should therefore
bear in mind the nature of the dynamics they intend to capture (e.g., daily cy-
cles, weekly cycles and so on) and subsequently sample both within and across
successive cycles. Practically speaking, it is possible to analyze a large sample
of individuals with shorter data segments (i.e., panel data with smaller T") using
the techniques presented herein. However, if inter—individual differences exist in
the parameters (and hence, dynamics), including more individuals in the sample
and analyzing them as an aggregate does not really help in improving estimation
accuracy. Sufficient measurement occasions are still needed within a person to
effectively identify within—person changes. Thus, panel data are helpful for iden-
tifying inter—individual differences in change (see e.g., the SEM-based state—
space modeling approach presented by Oud and Jansen, 2000). However, when
one’s focus is on identifying intraindividual changes, and individuals in a sam-
ple indeed differ in their respective behavioral dynamics, one then lacks enough
information to untangle more complex (e.g., nonlinear) within—person changes
from interindividual differences (see also the points put forth by Hamaker, Dolan,
& Molenaar, in press). In contrast, data with large N and 7" > 50 are becoming
more prevalent in the social sciences with the increased popularity of experience
sampling studies (e.g., Diener, Fujita, & Smith, 1995). We therefore chose this
design as an illustrative case.

The Lorenz System

We now present simulation results based on the Lorenz system (Lorenz, 1963),
a well-known dynamical system that exhibits chaotic dynamics and properties
such as sensitive dependence on initial conditions®—or the “butterfly effect”” We
used a single time series with intensive repeated measures (7" = 2000) and used
a joint estimation approach with the UKF to estimate the parameters as states. Al-
though this type of data is relatively uncommon in the social sciences, such data
sets are very prevalent, for instance, in physiological, Electro-Encephalography
(EEG) and perceptual-motor studies.

Originally used to represent the weather system, the Lorenz system comprises
three latent state variables (denoted below as x1;, x2; and x3;), the dynamics of

OThis is the property that slight differences in initial conditions could lead to cascading divergence
in later dynamics.
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which are expressed as

X1 = 0(X2: — X1¢), 47
X2 = pX1r — X2, — X1:X3; and (48)
X3t = X1 X2 — Bx3t, (49)

where the system as a whole is used to describe the convection flow within a
layer of air (or the motion of a fluid within a container) being heated from below
and cooled from above, with both ends kept at constant temperatures. Due to
temperature differences at both ends, warm air rises and cool air sinks. In this
case, x1; represents the convective flow of the air at time ¢, x,; the horizontal
temperature distribution at time ¢ and x3; the vertical temperature distribution
at time ¢, o the ratio of viscosity to thermal conductivity, p is the temperature
difference between the two ends of the layer, and f is the width—to-height ratio
of the layer (Alligood et al., 1996). These variables and parameters combined
provides a simple description of the atmosphere—air at the bottom is heated by
the earth and the top is kept cooled by the void of outer space.

The Lorenz equations have been used to describe the ongoing “tension” be-
tween an individual’s positive affect and negative affect (Frederickson & Losada,
2005). At the specific parameters of 0 = 10, p = 46, and p = 8/3, the convec-
tion flow exhibits chaotic patterns that seem to be repeating themselves (i.e., self—
similar) over time; yet, the exact numerical values of the states can be very dif-
ferent with just slight differences in initial conditions. Frederickson and Losada
(2005) argued that individuals who have such a “chaotic” emotional profile
are associated with higher emotional complexity and psychological resilience.

We generated data using the parameter values outlined above with no process
noise,” with each latent variable identified by one indicator that is corrupted with
measurement noise at approximately 70% signal-to—noise ratio. A plot of the
clean time series is shown in Figure 4. The three state variables of the Lorenz
system can be observed to show seemingly random and yet, self-—similar (or
self-repetitious) behaviors over time. Pairwise plots of the noisy observations
used to identify the latent latent variables are shown in Figure 5. As evidenced
in Figure 5, the true dynamics among the three state variables are completely
masked. Using a joint estimation approach, we represent o, p and f as part of
the state vector 1y = [X1s, X2¢, X3¢, O¢, Pz, B¢]” and estimate their values using the
UKEF in conjunction with x1;, x2; and x3;. The corresponding dynamic model

7Chaotic systems are known to be nonlinear dynamical systems that are deterministic and yet
manifest seemingly random behaviors.
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FIGURE 4 A plot of the clean dynamics of the Lorenz system. The three latent variables
show seemingly random but self-similar long—term behaviors. We included more measure-
ment occasions on purpose to illustrate this property more clearly.

18 written as

X1t
X2t
X
O
Pz
Bs

—

w

t

S1(xe-1)

Sa(xe-1)

S3(xe-1)
Or—1
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; (50)

where f;(x;), (g = 1,2, 3) is again the numerical solutions to Equations (47)—
(49) obtained by means of a fourth—order Runge—Kutta integration. The corre-
sponding measurement model is written as

1 0
0 1
Vit 0 0
Y2l =10 0
Y3t 0 0
0 0

=R el =

[=ReNeBaoNoX=]

0 0 X1t

0 0 X2r c
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FIGURE 5 Pairwise plots of the corrupted time series against each other. The true rela-
tionships among the latent variables are completely masked by measurement noise.

Although the parameters do not vary over time, we incorporate them into
the time—varying state vector and subsequently constrain them to be invariant
over time.® As such, time—varying parameters can be estimated easily using this
approach (for examples on time—varying models see e.g., Harvey, 1989; Kim &
Nelson, 1999). For instance, one can hypothesize that certain parameters in a
model actually follow a first—order autoregressive process (or the more restrictive
case of a random walk model) instead of being constant over the entire span of a
study. Within-person deviations in parameters (e.g., slope of a growth curve) are
rarely examined in many empirical studies but this kind of “non—stationarity”
may have important implications for various developmental and psychological
phenomena. For instance, discontinuity in development as posited by Piaget’s
stagewise developmental model and related catastrophe models (Van der Maas
& Molenaar, 1992) can also be handled more easily using this approach.

Here, we estimated o, p and B as part of the state vector using the UKF.
We used approximate-ML with prediction error decomposition to estimate the

8 Alternatively, a separate UKF chain can be run to estimate the parameters, again by treating
them as state variables. This is the dual Kalman filter approach mentioned earlier.
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measurement error variances (ej;;—e3;). Compared with the approximate-ML
approach we used in the predator—prey example to estimate all parameters, the
reduction in computational time can be rather substantial (i.e., from days to
minutes or hours). Based on our past experience, separating the estimation of
the states and other parameters from estimation of elements of W and ® generally
leads to more numerically stable and accurate results. Using other mechanisms to
estimate the time—invariant noise matrices is beneficial because noise variances
are used to determine the spread of the sigma points from one’s current estimates
in the UKF. This is less of an issue in many applications in the physical sciences
because the UKF is typically used in cases wherein values of process noise and
measurement noise covariance matrices (¥ and ®, respectively) are known.

Final parameter estimates are summarized in Table 2. The three parameter
estimates converged to the true values after approximately 1000 measurement
occasions. State estimates recovered by the UKF also reproduced the true dy-
namics among the latent variables in the form of a strange attractor very ac-
curately (see Figures 6A—D). Here, the state variables manifest very complex
time—based dynamics (see Figure 4), but they maintain lawful relationships with
one another. Even though slight differences in initial conditions can lead to
great divergence in later numerical values of the states , the overall “shape”
of the butterfly—like attractor is always maintained—hence the name strange
attractor.

Additional approaches can be used to help tune the parameter estimation
process to lead to faster convergence but we did not use such methods here. With

TABLE 2
True Parameters Used to Simulate the Lorenz System and Parameter
Estimates Recovered by a Joint State—Parameter Estimation Approach
Using the UKF. Prediction Error Decomposition Was Only Used to
Estimate the Measurement Error Covariance Matrix.
Standard Errors Are Included in Parentheses

UKF Estimates with Joint State—Parameter

Parameters True Values Estimation Procedures (N = 1, T = 2000)*
o 10 9.544 (.095)
28 27.916 (.090)
g 2.667 2.524 (.016)
26 25.78(.291)
® diag | 34 diag | 31.23(.345)
32 28.53(.377)

4Estimation procedure took 8.97 minutes of CPU time on a 2 GHz IBM laptop
with 1 GB RAM.
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FIGURE 6 (A) and (B): Plots of the state estimates recovered using the UKF; (C) and
(D): Plots of the clean state variables over all time points. True dynamics among the state
variables are accurately recovered by using the UKE.

appropriately tuned filter, Sitz et al. (2002), for example, reported convergence of
the parameter estimates from the Lorenz system to their true parameter values
with less than 300 measurement occasions and 50% signal-to—noise ratio. A
common “trick” to speed convergence is to add a a small amount of process noise
variances to the parameters (which in this case was specified to be deterministic
process noises with zero process noise variances). This approach helps prevent
the parameter estimates from lingering in local minima for a long time, and
was adopted by e.g., Molenaar and Raijmakers (1998). Similar approaches for
shaping the process noise of the parameters are detailed in Wan and Van der
Merwe (2001). Standard error estimates for parameters estimated using the UKF
were obtained from the square-root of the state covariance matrix (Py;) (Sitz
et al., 2002). Here, the standard error estimates were slightly underestimated and
this situation often arises when the parameter estimates stabilize too early on
in the estimation process. Further research into ways to resolve this issue more
effectively is certainly warranted.
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AN EMPIRICAL EXAMPLE OF DYADIC INTERACTIONS
IN EMOTIONS

Within the context of dyadic interactions, dynamic systems models have in-
spired new ways of conceptualizing the dynamics within dyads. For instance,
dynamical systems models were used by Boker and Rotondo (2003) to represent
symmetry building and symmetry breaking in synchronized movement among
dyads. Felmlee and Greenberg (1999) used a set of linear differential equations
to represent spouses’ differing goals, preferences or ideals, and how both parties
may compromise and settle into an equilibrium over time. Gottman, Murray,
Swanson, Tyson, and Swanson (2002) have also used nonlinear dynamic mod-
els to represent emotional interaction between spouses and to predict marital
success. The dynamic interplay between positive and negative emotions within
and across different individuals thus captures the possibility that increases in
negative emotion during certain life periods might be moderated by increases
or maintenance of positive emotion during the same periods, as predicted, for
instance, by Carstensen’s (1993) theory of socioemotional selectivity.

We examined a specific kind of interactive dynamics between positive and
negative emotions by fitting the classical predatory-prey model to a set of af-
fective ratings from one married couple. Positive and negative emotions were
measured using the Positive and Negative Affect Schedule (PANAS; Watson,
Clark, & Tellegen, 1988) over 182 consecutive days. Linear lagged relationships
between the couple’s positive affect and negative affect have been examined else-
where (Ferrer & Nesselroade, 2003), and the husband’s negative affect (NA) was
found to have a lagged effect on the wife’s positive affect (PA) and negative
affect (NA), but not the other way around. Here, we modeled the interaction
between the couple’s affect with the husband’s NA serving as a “predator” and
the wife’s PA as a “prey” (Model 1). The model is expressed as

PAyy = rwpaPAvw — dpnswp PAw:NAp,, and (52)
NAp; = ranaNAn; + @wpshn PAwNApn,, (53)

where P'Aw,, and N'Ah,, are the rates of change in the wife’s PA and the hus-
band’s NA at time ¢, PA, ; represents the wife’s intensity of PA at time ¢,
NAp,; is the husband’s intensity of NA at time ¢, ryp4 is the “growth rate” of
the wife’s PA, rpn4 is the “death rate” of the husband’s NA, and the parame-
ters app—sywp and ay,,p, capture the extent to which changes in the wife’s PA
and the husband’s NA are influenced by the interaction between the wife’s PA
and the husband’s NA. We consolidated data from the original 20-item PANAS
by using item parceling (Kishton & Widaman, 1994) and used three PA item
parcels to identify each person’s PA, and three NA item parcels to identify each
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person’s NA. The corresponding measurement model is written as

Y1t 1 0 €1t
Yo A2,wPA 0 €2
Y3t A3,wPA 0 PAy €3¢

= ’ o+ . 54
Var 0 1 [NA;,,, s o9
Vst 0 A5 pNA €51
Vet 0 N6,hNA €61

We then reversed the role of the couple and represented the wife’s NA as a
predator and the husband’s PA as a prey (Model 2). This model is written as

PAny = rupaPAny — Gwnshp PAnyNAy,, and (55)
NAw; = runaNAws + anpwn PApy NAw . (56)

The corresponding measurement equation for Model 2 is identical to the equation
depicted in (54), but the state vector of interest now comprises PAp; and NAy, ;.

We rescaled the affect ratings by subtracting them from 1 (thus a zero rating
corresponds to an original score of 1, which was measured on a scale of 1 to 5),
and multiplying the resultant scores by 10 because of the dyad’s general low
variability in negative emotion. Results from model fitting are summarized in
Tables 3 and 4. Parameter estimates in both models were reliably different from
zero. Whereas both individuals’ PA was, to a certain extent, “encroached” by the
other person’s NA, the husband’s PA was more negatively affected. In addition,
although the husband’s NA increased slightly as a result of “interacting” with
the wife’s PA, his NA decayed much more rapidly at baseline compared with
the wife’s NA. In contrast, the wife’s increase in NA due to interaction with
the husband’s PA was almost negligible. Expected trajectories generated using
parameter estimates from model fitting are shown in Figures 7A-B. Note that in
both models, magnitudes of the dyad’s PA ratings were greatly overestimated.
This was due in part to the fact that the dyad’s NA died out pretty quickly and
was generally maintained at extremely low levels (near zero). Thus, according to
the prediction of the classical predator—prey model, the dyad’s PA should grow
without boundary in the absence of the other partner’s NA. Taken together,
individuals’ PA may not be well characterized by the classical predator—prey
model (e.g., some upper limits would have to be imposed). The dyad’s fluctu-
ations in NA, in contrast, were well captured by the dynamics of the predator.
In successful emotion regulation scenarios, it is reasonable to expect one’s NA
to decay or die out naturally in the absence of further external influences—
this is evidenced in the actual data as well as in the expected trajectories
of NA.
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TABLE 3
Parameter Estimates Obtained from Fitting the Predator—Prey Model
to the Wife’s PA Ratings and the Husband’s NA Ratings. Three PA
Parcels and Three NA Parcels Were Used to Identify the Wife’s PA
and the Husband’s NA, Respectively

Model Parameters Estimates
Model 1: Wife’s PA as prey and rwPA 3.01 (.006)
husband’s NA as predator ThNA 5.91 (.005)
Ahn—wp 1.07 (.001)
Awp—hn .31 (.002)
A, wPA =1
X2,wPA .69 (.041)
A3 wPA .74 (.050)
Na.nNA =1
A\5.ANA .70 (.067)
N6.AN A 1.03 (.103)
8.94(.168)
6.69(.293)
. 7.52(.396)
© diag | 4 03(.130)
3.44(.173)
6.02(.266)

Note that the process noise covariance matrix, ¥, was set to a null matrix
and was not estimated. This was because the classical predator—prey model
was originally formulated as a deterministic model with no process noise. In
situations with low affect scores, even a slight amount of process noise can lead
to negative affect scores (i.e., negative species density). Scenarios with negative
densities, however, are not justifiable from a predator—prey standpoint and are
thus not considered here. We also note that model fit statistics can be obtained
directly from the prediction error decomposition function in Equations (12) (i.e.,
by computing LL g r [0]; Harvey, 1989), but more extensive simulation studies
are needed to establish the feasibility of using such fit statistics to evaluate the
fit of nonlinear dynamic models.

In sum, our current findings extend Ferrer and Nesselroade’s (2003) earlier
finding concerning the unidirectional effect of husband’s affect on wife’s affect
in that we found bidirectional influence in the dyad—but in the more subtle way
of an interaction effect between PA and NA. Thus, by providing an empirical
example of dyadic interaction, we showed how one variation of UKF can be
used to discern the dynamics of affect interrelations between spouses, as their
affects evolve co-dependently over time. A similar approach can be used to
examine the development of emotional interactions between a child and a care-
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TABLE 4
Parameter Estimates Obtained from Fitting the Predator—Prey Model to
the Husband’s PA Ratings and the Wife’s NA Ratings. Three PA Parcels
and Three NA Parcels Were Used to Identify the Husband’s PA and
the Wife’s NA, Respectively

Model Parameters Estimates
Model 2: Husband’s PA as prey and ThPA 3.86 (.161)
wife’s NA as predator rwNA 1.20 (.025)
Awn—-shp 3.80 (.228)
Ahp—swn .06 (.000)
ISR =1
M.npa .93 (.031)
\3.nPA 1.31 (.039)
X4, wNA =1
As.wNA 2.48 (.278)
A6.wNA 3.29 (.324)
5.71(.157)
5.94(.212)
. 6.89(.241)
© diag | | g6(.103)
3.59(.203)
4.14(.229)

giver, as posited by attachment theory (Bowlby, 1969/1982), or the emotional
co-regulation between two individuals in a close relationship (e.g., Gottman
et al., 2002; Thompson & Bolger, 1999).

DISCUSSION

Dynamical systems, as defined earlier, are systems whose current states are
somehow dependent on their previous states. The basic ideas have clearly “struck
a chord” with behavioral scientists interested in process and other kinds of
change. Over the last few decades, however, some of the initial enthusiasm
for nonlinear dynamical systems has turned into reserved speculation, if not
total disenchantment with the applicability of dynamical systems—related ideas
to psychological research. A large part of this disappointment stems from the
unrewarded investment of many researchers in chaotic systems, including the
Lorenz system used in one of our simulation examples. In their comments on
the current status of chaotic analysis in psychology and psychoanalysis, Kin-
canon and Powel (1995) noted that applications of chaos in psychology are often
limited to two broad categories: “chaos as a mathematical model of psycholog-
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FIGURE 7 Actual affect ratings and expected trajectories generated using parameter esti-
mates from model fitting with (A) Wife’s PA as the prey and husband’s NA as the predator
and (B) husband’s PA as the prey and wife’s NA as the predator. (continued)

ical phenomena and chaos as a metaphor for psychological phenomena” (p. 1).
Developing and evaluating estimation techniques that allow a direct mapping
between more complex mathematical models of change and empirical measure-
ments is therefore an important step toward revoking the belief that chaos is
strictly a theoretical metaphor in social and behavioral research.

In the present context, we demonstrated the generality and flexibility of the
nonlinear state—space modeling framework in fitting dynamic models. The rel-
ative ease of using Kalman filter methods to estimate time-varying parameters
is also an important model-fitting feature. In models of social interaction, for
example, parameters may change as a result of contextual influences, develop-
mental changes, or changes elicited by specific reactions from a spouse (e.g.,
sudden transition from a predator-prey relation to a cooperative relation). Espe-
cially pertinent are nonlinear and catastrophe-based developmental models that
are theoretically grounded but are difficult to fit using conventional modeling
tools because the changes in states depend on the changes in parameters within
a system (for alternative methods see, e.g., Wagenmakers, Molenaar, Grasman,
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Hartelman, & van der Maas, 2005). Adding to this advantage is the Kalman
filters’ overall efficiency and ease of implementation.

Several recent developments in fitting nonlinear, non—Gaussian state—space
models are worth mentioning here. The major estimation problem central to all
nonlinear, non—Gaussian state—space models is essentially the need to deal with
non—Gaussian distributions (e.g., posterior density of states, p[n;|y:, 0], transi-
tion density, p[n;|n:—1, 0] and likelihood function, p(y;, ..., y7|0). At times, the
distributions involved are multi-modal and do not have known analytic forms.
In such cases, the prediction error decomposition function can no longer be
used. One possibility for approximating such multi-modal distributions is to
use a class of sequential Monte Carlo techniques collectively known as parti-
cle filters (Doucet, de Freitas, & Gordon, 2001). One of the earliest versions
of such particle filter approaches is the bootstrap filter proposed by Gordon,
Salmond, and Smith (1993). Instead of attempting to sample from analytically
intractable distributions (that might even be difficult to approximate via sim-
ulation techniques), the approach taken here is to generate a large number of
points or particles from an alternative distribution from which one can easily
sample. These particles are then weighted and the associated weights can be
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used to approximate non—normal prior and posterior densities (e.g., Kitagawa,
1998), as well as likelihood functions (e.g., Pitt, 2002). Thus, instead of running
one UKF chain, for example, multiple UKF chains are run using these particles
(e.g., Van der Merwe et al., 2000). Thus, the non—Gaussian distributions are
approximated using a mixture of several normal distributions. In practice, par-
ticle filter techniques are often used in conjunction with Markov chain Monte
Carlo methods (e.g., Van der Merwe et al., 2000) to improve their respective
estimation accuracy. Interested readers are referred to Doucet et al. (2001) for
a collection of such methods (see also Durbin & Koopman, 2001; Shumway &
Stoffer, 2004).

A related line of work on fitting nonlinear state—space models stems from the
earlier Gaussian sum filter approach proposed by Sorensen and Alspach (1971).
This particular approach involves approximating non—Gaussian densities using
a mixture of different Gaussian densities. Similar approaches are commonly
adopted in the social sciences for approximating non—Gaussian densities in non-
linear cross—sectional models (e.g., Klein & Moosbrugger, 2000) and other mix-
ture modeling approaches (e.g., McLachlan & Peel, 1995), but less so within
the context of dynamic model fitting. Although Gaussian sum filters and other
newer Monte Carlo variations of these filters (e.g., Liu & West, 2001) bring with
them other methodological challenges (e.g., to estimate the number of mixture
components from occasion to occasion), much can be gained from this kind of
filtering or smoothing techniques because they were developed to fit dynamic
models—a much needed class of modeling tools in social sciences. In addition,
these techniques are just as well suited for estimating parameters or factor scores
in the special case of nonlinear cross—sectional models or nonlinear panel mod-
els with large sample sizes but a small number of measurement occasions. Most
often, only trivial modifications are needed.

To make the fitting and evaluation of non-linear dynamical models to be-
havioral data a practical activity, much remains to be done. We hope to have
introduced the reader to some useful contemporary techniques in estimating non-
linear dynamical systems. However, we emphasize that this is just the beginning,
not the end to the modeling work in this area. Much research still needs to be
done to improve the convergence speed of the aforementioned model fitting tech-
niques, and to derive more practical standard error estimates and fit statistics for
model comparison purposes. Admittedly, all our simulation and empirical mod-
eling examples were based on rather intensive repeated measurements by the
standards of most applications in social sciences. As we have alluded to earlier,
the confounds between interindividual differences and intraindividual change—
including intraindividual fluctuations from occasion to occasion—are especially
difficult to disentangle in the case of nonlinear dynamic models. For one, all the
individual cases in our multiple—subject example were designed to have the ex-
act same parameters (including noise covariance matrices). In situations wherein
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the parameters actually differ across individuals (e.g., for evaluating nonlinear
dynamic models with mixed effects), more measurements are needed from each
individual. In fitting chaotic models, for instance, the property of sensitive de-
pendence on initial conditions can lead to complex, cascading between—person
differences in state dynamics. In our view, including more repeated measure-
ments within and across different individuals is simply a “safer” route because
it provides the researcher with more options for representing within—person
changes (in states as well as parameters) if he/she so chooses. Taken together,
we see these methodological difficulties not so much as a hurdle but more as an
even stronger incentive for social scientists to include more intensive repeated
measurements in longitudinal designs.

CONCLUSION

As a discipline, psychology has generally seemed reluctant to embrace what
Wohlwill (1991) described as a tension between method and theory—for a given
period, methodological developments may lag behind theoretical ideas or vice
versa, but it is the ongoing tension between the two that helps propel further
advances in both method and theory (Nesselroade & Cattell, 1988). Method-
ological difficulties and naive understanding of the concept of parsimony have
fostered a deeply rooted bias against nonlinear models—an unfortunate limit im-
posed by methodology on theory. Parsimony and convenience, however, should
not be the sole reasons for model selections, especially when the nonlinear
models under consideration are supported by strong theoretical knowledge. Un-
doubtedly, several methodological issues remain in evaluating nonlinear, non—
Gaussian state-space models. Nonetheless, the Kalman filters’ potential as a
dynamic model-fitting tool are evident and, hopefully, can help inspire more re-
search into alternative methods that are suited for the study of change—including
both linear and nonlinear dynamic models.
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