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Bayesian Estimation of Categorical
Dynamic Factor Models
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University of Virginia

Dynamic factor models have been used to analyze continuous time series behav-
ioral data. We extend 2 main dynamic factor model variations—the direct autore-
gressive factor score (DAFS) model and the white noise factor score (WNFS)
model—to categorical DAFS and WNFS models in the framework of the underly-
ing variable method and illustrate them with a categorical time series data set from
an emotion study. To estimate the categorical dynamic factor models, a Bayesian
method via Gibbs sampling is used. The results show that today's affect directly
in�uences tomorrow's affect. The results are then validated by means of simulation
studies. Differences between continuous and categorical dynamic factor models are
examined.

Analyzing change through modeling systematic �uctuation and patterns of in-
traindividual variability has become a familiar way to study many psychological
processes, such as the decade-to-decade development of cognitive abilities, year-
to-year change in adolescent substance abuse, and week-to-week �uctuations in
mood (e.g., Baltes, Reese, & Nesselroade, 1977; Boker, 2002; Jones & Nes-
selroade, 1990). Given the goal of understanding patterns of change, research
design and data analysis should attend to the following fourconsiderations: First,
because of the complexity of change processes, a multivariate approach to mea-
surement is often necessary to capture an adequately detailed view of change
(Baltes & Nesselroade, 1973; Jones & Nesselroade, 1990). Second, repeated
measurements of the same individual are necessary to capture intraindividual
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change (Nesselroade & Ghisletta, 2000). Third, investigation of change at the
level of the single subject is a promising way to inform the process of gen-
eralization. Fourth, appropriate statistical models needto be used (developed,
if need be) to analyze the data. These considerations ratherinexorably lead to
multivariate time series data collection (e.g., Ferrer & Nesselroade, 2003; Mole-
naar, 1994; also see Jones & Nesselroade, 1990, for a review)and advanced
statistical analytic techniques (e.g., Cattell, Cattell,& Rhymer, 1947; McArdle,
1982; Molenaar, 1985).

Compared with the wide availability of multivariate time series data from
behavior research, an arsenal of powerful statistical models appears to be less
developed. Although a variety of time series models has beenwell de�ned in
economic research (e.g., Hamilton, 1994), appropriate models for behavioral
data are still relatively scarce because of the complexity of behavioral phenom-
ena and the involvement of latent structures in psychological theorizing (e.g.,
Jones & Nesselroade, 1990). In fact, despite some efforts toemploy standard
multivariate time series models (e.g., Schmitz, 1990), only two sets of models
have been widely accepted: P-technique factor models and their extensions—
dynamic factor models (DFMs). The P-technique factor modelwas originally
developed to identify individual traits and has been applied in numerous studies
(Cattell et al., 1947; see Jones & Nesselroade, 1990, and Luborsky & Mintz,
1972, for reviews). The major criticism of P-technique was that it only re�ected
concurrent relationships among variables and ignored any lagged relationships
(Anderson, 1963; Cattell, 1963; Holtzman, 1963). The dynamic factor mod-
els were subsequently developed to incorporate both latentvariables and lagged
structures in analyzing multivariate time series data (e.g., Brillinger, 1975, 1981;
McArdle, 1982; Molenaar, 1985).

Primarily, two kinds of DFMs have been discussed in the literature. One
was called the direct autoregressive factor score model (DAFS) by Nesselroade,
McArdle, Aggen, & Meyers (2001) and the process factor modelby Browne and
Nesselroade (2005; see also Engle & Watson, 1981; McArdle, 1982; Molenaar,
1985). The other was called the white noise factor score model (WNFS) by Nes-
selroade et al. (2001) and the shock factor model by Browne and Nesselroade
(2005; see also Brillinger, 1975, 1981; Geweke & Singleton,1981; Molenaar,
1985; Priestley, Rao, & Tong, 1973). Different procedures have been proposed
for estimating the parameters of DFMs. Engle and Watson (1981) showed that
what was later called the DAFS model was a special case of the state space
model and can be estimated by maximum likelihood estimation(MLE) methods
using a Kalman �lter algorithm. Geweke and Singleton (1981)proposed an MLE
for what was later called the WNFS model in the frequency domain. Molenaar
(1985) employed MLE in the structural equation modeling (SEM) framework
and the time domain based on the estimation of a block-Toeplitz matrix for both
DAFS and WNFS models (see also Browne & Nesselroade, 2005; Molenaar &
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Nesselroade, 1998; Nesselroade et al., 2001; Wood & Brown, 1994). Recently,
Markov Chain Monte Carlo methods have become more widely accepted for
estimating both DAFS and WNFS models (e.g., Justiniano, 2004; Kim & Nel-
son, 1999, 2001; West, 2000; Zhang, Hamaker, & Nesselroade,2008). More
recently, Browne and Zhang (2007) proposed a least squares estimation method
and provided a computer program (DyFA) to implement it (Browne & Zhang,
2005).

The increasing interest in studying intraindividual behavioral variation by col-
lecting multivariate response data across multiple occasions provides a promising
opportunity to utilize dynamic factor models more widely (e.g., Ferrer & Nessel-
roade, 2003; Jones & Nesselroade, 1990; Luborsky & Mintz, 1972; Nesselroade
et al., 2001). However, the models and the estimation methods mentioned previ-
ously have rested on the assumption that the observed variables are continuous
and normally distributed. Considering that a lot of observed data in social and
behavioral science are based on self-report measurements (e.g., Ferrer & Nessel-
roade, 2003; Lebo & Nesselroade, 1978) and are likely to be categorical at best
and that treating categorical variables as continuous variables may render mis-
leading results (e.g., Olsson, 1979; Song & Lee, 2002), it isdesirable to develop
and evaluate models appropriate to the measurement properties of such data. Us-
ing a rating scale data set from previous dynamic factor analysis (Nesselroade
et al., 2001; Nesselroade & Molenaar, 2003), the authors aimto construct and
evaluate what would seem to be suitable dynamic factor models for observed
categorical time series data and to develop the appropriateestimation methods
to support their use.

Although there is no signi�cant amount of literature focused on the dy-
namic factor analysis of categorical time series data, the factor analysis of cross-
sectional categorical data by latent variable models has been well explored (e.g.,
Jöreskog, 1994; Jöreskog & Moustaki, 2001; Lee, Poon, & Bentler, 1990, 1995;
Lee & Song, 2003; Moustaki, 2000; Moustaki & Knott, 2000; Muthén, 1984;
Shi & Lee, 1998). The so-called underlying variable (UV) method, for example,
typically assumes that there is a normally distributed continuous variable under-
lying each observed categorical variable. Both maximum likelihood estimation
methods (MLE; e.g., Jöreskog & Moustaki, 2001; Lee et al., 1990, 1995) and
Bayesian estimation methods (e.g., Lee & Song, 2003; Shi & Lee, 1998) have
been used to estimate the factor models with categorical data. Furthermore, dy-
namic cumulative models (Fahrmeir & Tutz, 1994) and a similar non-Gaussian
model (Durbin & Koopman, 2001) have been used to analyze categorical time
series data. These models can be viewed as particular versions of the categorical
DAFS model discussed in this article.

Here we explicitly derive categorical DFMs from the widely used continu-
ous DFMs and present a Bayesian approach for parameter estimation. First, the
pertinent literature on the UV method is reviewed. The basics of the continuous
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data DFMs—both DAFS and WNFS models—are summarized. Then the UV
method is applied to specify the DFMs for analyzing categorical time series data.
Corresponding to continuous variable DAFS and WNFS, categorical DAFS and
categorical WNFS models are presented. A Bayesian approachto the estimation
of the models using Gibbs sampling is then presented. Data originally pub-
lished by Lebo and Nesselroade (1978)1 and Nesselroade et al. (2001) will be
�tted using the proposed models. Finally, simulation studies will be carried out
based on the results from the data analysis to evaluate the models validities
further.

BACKGROUND AND HISTORICAL PERSPECTIVE

We �rst review some essential concepts on which our new developments rest. For
convenience, throughout the article,p denotes the number of observed manifest
variables;q denotes the number of the latent factors;N denotes the number
of the observations;T denotes the largest number of occasions;L denotes the
number of lags; andmi denotes the number of categories for thei th observed
variable unless de�ned speci�cally.

The Underlying Variable Approach to Factor Analysis

In the underlying response variable method (e.g., Jöreskog& Moustaki, 2001;
Muthén, 1984; Shi & Lee, 1998), every observed ordinal variable is assumed
to be generated by an underlying, unobserved continuous variable. The factor
model is the same as the classical factor analysis model for the underlying
variables,

zn D ƒ fn C un; n D 1; : : : ; N;

wherezn is ap � 1 underlying score vector;ƒ is ap � q factor loading matrix;
fn is a q � 1 factor score vector; andun is a p � 1 uniqueness factor vector.
The relationship between observed dataY D .y in /p� N and underlying data
Z D .z in /p� N D .z1; : : : ; zN / is given by

y in D k , £i;k � 1 < z in � £i;k ;

i D 1; : : : ; p; k D 1; : : : ; mi ; n D 1; : : : ; N;

1We are grateful to Dr. Michael A. Lebo for permission to use these data.
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where�1 � £i;0 < £ i;1 < � � � < £ i;mi � 1 < £ i;mi � C1 are thresholds. Usually,
the underlying variable is assumed to be normally distributed although it can
have any continuous distribution.

The Dynamic Factor Models

Common factor analysis of multivariate time series data (called P-technique
factor analysis) has evolved over the past 60 years. Cattellet al. (1947) �tted
a factor model to the covariation of multiple variables measured across time
on only one individual. An obvious drawback of P-technique is that it cannot
capture the order relationships of a process (Anderson, 1963; Holtzman, 1963).
It represents only the concurrent relationships (i.e., between factors and ob-
served variables) of a process. Dynamic factor models (Brillinger, 1975, 1981;
Browne & Nesselroade, 2005; Engle & Watson, 1981; Geweke & Singleton,
1981; McArdle, 1982; Molenaar, 1985; Nesselroade et al., 2001; Priestley et al.,
1973), by contrast, can effectively represent a process by incorporating lagged
relationships among the variables, both manifest and latent, involved.

The direct autoregressive factor score model (DAFS). A version of
what was later called the DAFS model was proposed by Engle andWatson
(1981) and then proposed as an SEM with psychological variables by McArdle
(1982). The DAFS model speci�cation is written as

yt D ƒ f t C ut ; (1)

f t D
LX

l D 1

Bl f t � 1 C vt ; (2)

whereyt is a p-variate observed time series measured at timet.t D 1; : : : ; T /,
ƒ is a p � q matrix of factor loadings,f t is a q-variate factor vector at time
t.t D 1; : : : ; T /, f t � l , .l D 1; : : : ; L/ is aq-variate factor vectorl occasions prior
to occasiont , Bl is the autoregressive and cross-regressive coef�cient matrix on
the factorsl occasions prior to the current time, andut and vt are uniqueness
following a multivariate normal distribution with mean 0 and covariance matrix
Q andD.

The white noise factor score model (WNFS). What we are referring to
as the WNFS model was �rst explicitly represented by Geweke and Singleton
(1981) and further developed and rendered practical by Molenaar (1985), al-
though particular versions of this model can be traced back to Priestley et al.
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(1973) and Brillinger (1975, 1981). This model assumes thatthe factors in�u-
ence both current observed variable scores and future observed scores directly.
The model speci�cation is written as

yt D
LX

l D 0

ƒ l f t � l C et ; (3)

whereyt is a p-variate observed time series measured at timet.t D 1; : : : ; T /,
ƒ l is ap � q matrix of factor loadings at lagl , f t is aq-variate factor vector at
time t.t D 1; : : : ; T /, f t � l .l D 0; : : : ; L/ is aq-variate factor vectorl occasions
prior to occasiont , andut is the unique factor vector with mean 0 and covariance
matrix Q.

CATEGORICAL DYNAMIC FACTOR MODELS

The extension of DFMs from continuous data to categorical data is straightfor-
ward given an understanding of the underlying variable method and the speci-
�cations of dynamic factor models. The basic idea is that therelations between
observed categorical time series variables and the underlying continuous vari-
ables are �rst established and then the DFMs are applied to the underlying
continuous variables. Corresponding to their continuous dynamic factor mod-
els, the categorical direct autoregressive factor score (CDAFS) model and the
categorical white noise factor score (CWNFS) model are presented here.

In accord with the UV model described earlier, we �rst construct the rela-
tionship between observed categorical dataY D .y i t /p� T and underlying latent
continuous dataZ D .z i t /p� T D .z1; : : : ; zT / via the thresholds�1 � £i;0 <
£i;1 < � � � < £ i;mi � 1 < £ i;mi � C1 ,

y i t D k , £i;k � 1 < z i t � £i;k ;

i D 1; : : : ; p; k D 1; : : : ; mi ; t D 1; : : : ; T:
(4)

Then we can construct a DAFS model for the underling variables according
to Eqs. (1) and (2).

zt D ƒ f t C ut ; (5)

f t D
LX

l D 1

Bl f t � l C vt : (6)
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We call the model in Eqs. (4)–(6) the CDAFS model. Particularversions of
this model can be found in Fahrmeir and Tutz (1994) and Durbinand Koopman
(2001).

Similar to the CDAFS model, the CWNFS model can be expressed using
Eqs. (7) and (8),

y i t D k , £i;k � 1 < z i t � £i;k ;

i D 1; : : : ; p; k D 1; : : : ; mi ; t D 1; : : : ; T;
(7)

zt D
LX

l D 0

ƒ l f t � 1 C ut : (8)

As in the static factor analysis with categorical data (e.g., Lee et al., 1990,
1995), we consider the identi�cation problem �rst. Using conditional distribu-
tions facilitates the discussion of this problem. Conditionally on the factor scores
f t , zt is multivariate normally distributed with meanƒ f t and covariance matrixQ
for the CDAFS model and with mean

P L
l D 0 ƒ l f t � 1 and covariance matrixQ

for the CWNFS model. Then the cell probability for the CDAFS and CWNFS
models at timet can be expressed as

Pr.y i t D k/ D Pr.£i;k � 1 < z i t � £i;k /

D
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;

(9)

whereƒ i is the i th row of the factor loading matrix,ƒ l i is thei th row of the
lag l factor loading matrix, andqi is the standard deviation of thei th underlying
continuous variable and is also the square root of thei th diagonal element ofQ,
conditionally on the factor scores.
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The models in Eq. (9) will not be identi�ed unless additionalconstraints on
£i;k or qi are introduced. Two kinds of constraints can be used to identify the
models. One involves �xingqi � 1 for all i and another is to �x the threshold
to be a pre-assigned constant number. As pointed out by Lee etal. (1990), the
�rst option imposes complex nonlinear constraint on the covariance structure.
Thus, for our analysis, we adopt the second way. For a complete discussion of
the constraint problem in the factor analysis of categorical data, see Lee et al.
(1990) and Shi and Lee (1998).

Different methods can be used to determine the threshold values (e.g., Jöre-
skog, 1994; Lee et al., 1990; Olsson, 1979; Shi & Lee, 1998). In our example to
follow, we adopted the method used in Olsson (1979) to obtainthe thresholds.
In this case,

£i;k D ˆ � 1.p i;1 C p i;2 C � � � C p i;k /; k D 1; 2; : : : ; mi � 1; (10)

wherep i;s is the corresponding percentage of responses in categorys for the
i th observed variable. It is shown that this two-step method obtained similar
estimation of thresholds compared with the one-step method(e.g., Jöreskog &
Moustaki, 2001). Using these thresholds obtained here as the pre-de�ned values
will speed the mixing of the posterior in the Gibbs sampling discussed later
(Albert & Chib, 1993).

As in any factor analysis, we also need to put constraints on either factor
loadings or factor variances to identify the dynamic factormodels. For the
CDAFS model, we �x the variances of the residual errors for the factors in
Eq. (6) to be 1 (Molenaar, 1985). For the CWNFS model, we �x thecovariance
matrix for the factors in order to identify all the factor loadings (Molenaar,
1985). If we aim to estimate the covariances among factors, as in the empirical
analysis given herein, we can �x the variances of the factorsto be 1 and some
of the factor loadings to be 0 as in the usual factor analysis (e.g., Jöreskog,
1969). Then the unknown parameters are‚ D .ƒ ; Bl ; Q; D� / for the CDAFS
model and‚ D .ƒ l ; Q; D� / for the CWNFS model withD� representing the
off diagonal elements of the covariance matrix ofvt for the CDAFS model and
the off diagonal elements of the covariance matrix of factors for the CWNFS
model. Note that some of the elements inƒ or ƒ l must be 0. In the following
section, a Bayesian estimation method is outlined to estimate the CDAFS and
CWNFS models.

BAYESIAN ESTIMATION OF THE MODELS

Bayesian estimation of statistical models has been previously applied to cate-
gorical time series. For example, Fahrmeir and Tutz (1994) used a Gibbs sam-
pling procedure to estimate dynamic cumulative models. Durbin and Koopman
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(2001) also discussed an importance sampling procedure forthe state space
models involving categorical data. Here we outline the procedure for obtaining
the parameter estimates for the categorical dynamic factormodels.

Let p.‚/ be the prior distribution of all the parameters andY represent the
observed categorical data. Standard Bayesian approach requires the evaluation of
the posterior distribution of‚ givenY: p.‚ jY/ / p.‚/p. Yj‚/ . For our model,
it is extremely dif�cult to evaluate this posterior distribution directly because of
the involvement of the latent variables and categorical measurements. Therefore,
data augmentation and Gibbs sampling strategies are used (Albert & Chib, 1993;
Geman & Geman, 1984; Tanner & Wong, 1987).

Let Z D .z1; z2; : : : ; zT / and F D .f1; f2; : : : ; fT ) represent the underlying
continuous data and latent factor scores, respectively. Based on the data aug-
mentation ideas given in Tanner & Wong (1987), the observed data, Y, are
augmented with (Z; F). As pointed out by Tanner & Wong, the posterior dis-
tribution p.‚ jY; Z; F/ is easier to handle thanp.‚ jY/. After augmenting the
data, the Gibbs sampling procedure (Gelfand & Smith, 1990; Geman & Geman,
1984) is then used to generate observations from the conditional distributions
using the following algorithm.

At the .i C 1/th iteration with current values.‚ .i / ; Z .i / ; F.i / /, generate2

‚ .i C 1/ from p.‚ jY; Z .i / ; F.i / /

Z .i C 1/ from p. ZjY; ‚ .i C 1/; F.i / /

F.i C 1/ from p. FjY; ‚ .i C 1/; Z .i C 1//:

This iteration can be repeatedI times. Geman & Geman (1984) showed that for
suf�ciently large I , .‚ .I / ; Z .I / ; F.I / / can be viewed as a simulated observation
from the posterior distributionp.‚; Z; FjY/ under mild conditions. There are
different ways to determineI . In practice, the “eyeball” method, which monitors
the convergence by visually inspecting the plots of the generated sequences, is
commonly used. Here, in addition to the “eyeball” method, the convergence was
also evaluated by Gewekes convergence diagnostic (Geweke,1992; see also
Cowels & Carlin, 1996) in CODA (Plummer, Best, Cowels, & Vines, 2005).
If Gewekes diagnostic is less than 1.96, the sequence is considered to have
converged.

The simulated observations afterI are then recorded for further analysis.
For convenience, these observations are denoted as.‚ .m/ ; Z .m/ ; F.m/ /, m D
1; 2; 3; : : : : Sometimes there are highly positive autocorrelations between the
successive observations. To reduce the autocorrelations,we can select the ob-
servations with �xed intervala indexed 1,1 C a, 1 C 2a, 1 C 3a; : : : on which

2The full conditional distributions can be obtained by request or viewed at http://dfa.psychstat.org
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to perform further analysis. After generating the observations, the Bayesian es-
timates are calculated by

O‚ D OE.‚ jY/ D
1
N

N � 1X

mD 0

‚ 1C ma;

with variance (or covariance matrix)

OV .‚ jY/ D
1

N � 1

N � 1X

mD 0

.‚ 1C ma � O‚/.‚ 1C ma � O‚/ t :

For the CDAFS and CWNFS models, the Bayesian method using Gibbs
sampling is a very convenient tool for obtaining the parameter estimates. For
example, to estimate the models, we need to specify the initial factor scores.
Speci�cally, for the one-lag models, the initial scoresf0 are required. For the
two-lag models, the initial scoresf0 and f � 1 are required. We have found that
it is not very easy to handle this problem in MLE. However, with the Bayesian
method, we can estimate these initial scores as unknown parameters directly
(Zhang, Hamaker, et al., 2007).

For the analysis of empirical data, three indexes for model selection can
be used to compare and select models—DIC, EBIC, and EAIC, de�ned as
follows. Deviance information criterion (DIC; Spiegelhalter, Best, Carlin, &
Linde, 2002) is a widely used criterion for model selection in the Bayesian
framework. DIC is de�ned as a Bayesian measure of model �t with a penalty
for model complexitypD ,

DIC D D.‚/ C pD D D. ‚/ C 2pD ;

whereD.‚/ is the posterior mean of� 2(LogLikehood function) andD. ‚/ is
� 2(LogLikehood function) calculated at the posterior mean of ‚ .

Extensions of the Bayesian information criterion (BIC; Raftery, 1993; Schwarz,
1978) and Akaike's information criterion (AIC; Akaike, 1973) are also used to
compare model �ts. In the Bayesian context, one kind of extension of the AIC
and BIC is the EAIC and EBIC (e.g., Spiegelhalter et al., 2002), which are
calculated by

EBIC D D.‚/ C 2p

and

EAIC D D.‚/ C ln.T /p;

whereT is the length of the time series andp is the number of parameters to
be estimated. For all three �t indexes, smaller value means better model �t.
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AN EMPIRICAL STUDY OF AFFECTIVE VARIABILITY

Dynamic factor models have been successfully applied to time series of affect
(e.g., Ferrer & Nesselroade, 2003; Nesselroade et al., 2001; Shifren, Hooker,
Wood, & Nesselroade, 1997). Affect data seem especially well suited for DFMs
for several reasons. First, the individual is likely to experience many substantial
changes in his or her mood over even relatively short time periods (Ferrer &
Nesselroade, 2003). Second, mood variation tends to be multiple dimensional
(Shifren et al., 1997). Third, it is very reasonable to hypothesize that current
affect (e.g., today) will in�uence future effect (e.g., tomorrow), and this lagged
effect has been found in previous research (Ferrer & Nesselroade, 2003; Nes-
selroade et al., 2001; Shifren et al., 1997). However, most,if not all, sets of
emotion data are measured categorically instead of continuously. Thus, there
should be good �t between such data and categorical DFMs.

To illustrate the application of the categorical DFMs and the Bayesian esti-
mation method, the affect data (Lebo & Nesselroade, 1978) that were analyzed
by Nesselroade et al. (2001) were used. The data are for a single participant
who reported her emotional status daily on six 5-point Likert scales for 103
successive days—active(A), lively (L ), peppy(P ), sluggish(S), tired (T ), and
weary(W). The data for these six variables are plotted in Figure 1. The thresh-
olds calculated by Eq. (10) are summarized in Table 1.

Using the threshold values in Table 1 as the pre-assigned parameters, seven
more or less likely models listed in Table 2 are �tted and compared. The �rst four
models, whose path diagrams are given in Figure 2, are CDAFS models and the
last three models, whose path diagrams are given in Figure 3,are CWNFS mod-

FIGURE 1 Time series plot of the observed data.
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TABLE 1
Thresholds for the Six Observed Categorical Variables

£;1 £;2 £;3 £;4

Active � 1.5696 � 1.4209 0.5216 1.6591
Lively � 1.4209 � 0.2584 0.4666 1.5096
Peppy � 1.3571 0.0122 0.6072 1.3571
Sluggish � 0.8985 0.0365 0.6669 1.4911
Tired � 1.3571 � 0.3347 0.3091 1.0988
Weary � 1.1926 � 0.2333 0.4666 1.2983

els. Model M1 is a one-factor (U ) dynamic model with all six observed variables
loading on one factor. The factor score has a one-lag autoregression structure.
Models M2–M4 are two-factor models with the �rst three variables loading on
the �rst factor and the last three variables loading on the second factor. The �rst
factor is labeled energy (E ) and the second one is labeled fatigue (F ) following
Lebo & Nesselroade (1978) and Nesselroade et al. (2001). Both M2 and M3
have a one-lag structure, whereas M2 has only an autoregressive structure and
M3 also has the cross-regressive structure. M4 is a two-lag model with only an
autoregressive structure. M5 is a one-factor CWNFS model with one lag. M6
and M7 are two-factor models with one lag and two lags, respectively.

Parameters of the seven models were estimated using the Bayesian method
via Gibbs sampling as outlined earlier. The Gibbs sampling procedures were
implemented in WinBUGS (Spiegelhalter, Thomas, Best, & Lunn, 2003) with

TABLE 2
Model Fit Statistics

Models
Number of
Parameters DIC EAIC EBIC

CDAFS models
M1: 1 factor, 1 lag 13 1302 1328 1362
M2: 2 factors, 1 lag, no cross 15 1171 1201 1240
M3: 2 factors, 1 lag, cross 17 1175 1209 1254
M4: 2 factors, 2 lags, no cross 19 1172 1210 1260

CWNFS models
M5: 1 factor, 1 lag 18 1302 1338 1385
M6: 2 factors, 1 lag 19 1180 1218 1268
M7: 2 factors, 2 lags 25 1180 1230 1296

Note. The number of parameters does not include the number of thresholds.
DIC: Deviance information criterion; EAIC: Extended Akaike's information criterion; EBIC:

Extended Bayesian information criterion; CDAFS: Categorical direct autoregressive factor score;
CWNFS: White noise factor score.



FIGURE 2 Four possible categorical direct autoregressive factor score (CDAFS) models. The squares with the �rst letter of the six observed
variables represent the observed categorical data. The cycles with the same letters represent the latent continuous variables underlying the observed
variables.
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FIGURE 3 Three possible categorical white noise factor score (CWNFS) models. The squares with the �rst letter of the six observedvariables
represent the observed categorical data. The cycles with the same letters represent the latent continuous variables underlying the observed variables.
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the convergence evaluated using CODA (Plummer et al., 2005)in R (R De-
velopment Core Team, 2005). In the current case, all the parameters are given
non-informative priors. The prior distributions forƒ andB are speci�ed as nor-
mal N (0, 1.0E-6), which can be viewed as non-informative priors (Congdon,
2003). The prior distributions forQ were speci�ed as the inverse Gamma distri-
butionIG(.0001, .0001), which is also a non-informative prior (Congdon, 2003).
For the elements inD� , the uniform distributionU.� 1; 1/ was used (Chib &
Greenberg, 1998). See Appendix for WinBUGS codes. A formal discussion on
the selection of priors can be found in Kass and Wasserman (1996).

The model �t statistics are summarized in Table 2. Based on the �t statis-
tics, for the CDAFS models, the two-factor model with one lagand no cross-
regression is the best �tting model. For the CWNFS models, the two-factor
model with one lag is the best �tting model. However, the goodness of �t for
M2, M3, and M4 is very close in value. The goodness of �t for M6 and M7 is
also very close. Thus, we present the results for these �ve models for the purpose
of demonstration. The model estimates for the CDAFS models are summarized
in Table 3 and the model estimates for the CWNFS models are given in Table 4.
We focus on the results from M2 and M6.

For both the CDAFS model and CWNFS model, a two-factor model with only
one lag appears to represent the data best. The correlation between the energy
and fatigue factors is very high and negative (� .87 and� .85 for CDAFS and
CWNFS, respectively). For the CDAFS model, the autoregressive coef�cients for
energy and fatigue factors are .38 and .47, respectively, indicating that the fatigue
factor tends to dissipate more slowly than the energy factor. The corresponding
relationships are indicated in the CWNFS model by the fact that the factor
loadings for the Lag 1 fatigue factor are larger than those for the Lag 1 energy
factor, relative to the factor loadings at Lag 0.

EVALUATION OF CATEGORICAL DFMS AND
COMPARISON WITH CONTINUOUS DFMS

To evaluate further the performance of the models and the estimation method
in the empirical study, we simulated the data based on the best �tting mod-
els. The data were simulated from Model M2 for the CDAFS modeland from
Model M6 for the CWNFS model. The true parameter values are based on
the estimates from Lebo data but with simpli�cation. For theCDAFS model,

B1 D .bij /2� 2 D
�

:4 0
0 :5

�
, D D .d ij /2� 2 D

�
1 � :85

� :85 1

�
, ƒ D .œij /6� 2 D

�
1 1 1 0 0 0
0 0 0 :9 :9 :9

� t
, and Q D .qij /6� 6 D diag

�
:5 :1 :05 :3 :2 :2

�
.
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TABLE 3
Model Estimates for Categorical Direct Autoregressive

Factor Score (CDAFS) Models

3a. CDAFS Model With 2 Factors, 1 Lag, and
No Cross-Regression Coef�cients (M2)

Factor Loadings

Variable Energy Fatigue
Uniqueness
Variance

Active 1.19(.12) .45(.10)
Lively 0.95(.09) .13(.04)
Peppy 1.01(.09) .07(.04)
Sluggish 0.83(.10) .32(.07)
Tired 0.92(.10) .17(.05)
Weary 0.91(.10) .17(.05)

Factor Score Autoregression

Energy (t� 1) Fatigue (t� 1)

Energy (t) 0.38(.10)
Fatigue (t) 0.47(.09)

Note. The number in parenthesis is the standard error. The
correlation between factor energy and fatigue is� .85.

3b. CDAFS Model With 2 Factors, 1 Lag,
and Cross-Regression (M3)

Factor Loadings

Variable Energy Fatigue
Uniqueness
Variance

Active 1.18(.12) .44(.10)
Lively 0.94(.09) .13(.04)
Peppy 1.01(.09) .07(.04)
Sluggish 0.79(.10) .32(.07)
Tired 0.88(.10) .18(.05)
Weary 0.88(.09) .17(.05)

Factor Score Autoregression

Energy (t� 1) Fatigue (t� 1)

Energy (t) 0.22(.23) � 0.004(.21)
Fatigue (t) � 0.46(.24) 0.73(.21)

Note. The number in parenthesis is the standard error. The
correlation between factor energy and fatigue is� .86.
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TABLE 3
(Continued)

3c. CDAFS Model With 2 Factors, 2 Lags, and
Without Cross-Regression (M4)

Factor Loadings

Variable Energy Fatigue
Uniqueness
Variance

Active 1.17(.12) .45(.10)
Lively 0.93(.09) .13(.04)
Peppy 1.00(.09) .06(.04)
Sluggish 0.82(.10) .32(.07)
Tired 0.91(.10) .17(.05)
Weary 0.89(.10) .17(.05)

Factor Score Autoregression

Energy
(t � 1)

Fatigue
(t � 1)

Energy
(t � 2)

Fatigue
(t � 2)

Energy (t) 0.27(.10) — 0.17(.10) —
Fatigue (t) — 0.35(.10) — 0.19(.09)

Note. The number in parenthesis is the standard error. The
correlation between factor energy and fatigue is� .86.

For the CWNFS model,ƒ 0 D .œ0ij /6� 2 D
�

1 1 1 0 0 0
0 0 0 1 1 1

� t
, ƒ 1 D

.œ1ij /6� 2 D
�

:2 :2 :2 0 0 0
0 0 0 :2 :2 :2

� t
, D D .d ij /2� 2 D

�
1 � :85

0:85 1

�
, and Q D

.qij /6� 6 D diag
�
:5 :1 :05 :3 :2 :2

�
. For both models, the thresholds are

set at£i; D
�
� 1:5 � :5 :5 1:5

�
. The simpli�cation of the parameters will

not change the features of the simulation studies. The continuous data were �rst
generated from the DAFS and WNFS models and then divided intocategori-
cal data according to the thresholds. For each model, 100 replications with the
length ofT D 100 were generated.

For each replication, the data were analyzed using the following strategy.
The generated data were �rst �tted by the true model, M2 for the CDAFS
model and M6 for the CWNFS model. The parameter estimates along with
the standard errors were obtained. Then for each parameter in one replication,
we can obtain its estimatePi and standard errorSEi .i D 1; : : : ; 100/. The
mean parameter estimate across 100 replications is calculated by ME D P DP 100

i D 1 Pi =100, the standard deviation for this parameter estimate is calculated by
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TABLE 4
Model Estimates for Categorical White Noise Factor Score (CWNFS) Models

4a. CWNFS Model With 2 Factors and 1 Lag (M6)

Factor Loadings

Factor (Lag 0) Factor (Lag 1)

Variable Energy Fatigue Energy Fatigue
Uniqueness

Variance

Active 1.21(.13) 0.23(.14) .46(.10)
Lively 0.98(.09) 0.17(.10) .11(.04)
Peppy 1.01(.10) 0.27(.11) .08(.04)
Sluggish 0.91(.11) 0.19(.12) .30(.07)
Tired 0.96(.10) 0.31(.10) .16(.05)
Weary 0.93(.10) 0.32(.10) .20(.06)

Note. The number in parenthesis is the standard error. The correlation between factor energy
and fatigue is� .85.

4b. CWNFS Model with 2 Factors and 2 Lags (M7)

Factor Loadings

Factor (Lag 0) Factor (Lag 1) Factor (Lag 2)

Variable Energy Fatigue Energy Fatigue Energy Fatigue
Uniqueness

Variance

Active 1.24(.14) 0.21(.16) 0.32(.17) .64(.11)
Lively 1.00(.10) 0.15(.12) 0.22(.12) .15(.04)
Peppy 1.06(.10) 0.25(.12) 0.21(.13) .07(.04)
Sluggish 0.96(.12) 0.15(.13) 0.10(.13) .40(.07)
Tired 0.98(.11) 0.26(.13) 0.25(.14) .33(.06)
Weary 0.94(.11) 0.29(.12) 0.26(.13) .31(.06)

Note. The number in parenthesis is the standard error. The correlation between factor energy
and fatigue is� .86.

SD D
P 100

i D 1.P i � P /2=99, and the mean of the standard errors for this parameter
is calculated byMSE D

P 100
i D 1 SEi =100. Furthermore, the generated data were

analyzed using the corresponding continuous DAFS and WNFS models. Finally,
the data from the CDAFS model were analyzed using the alternative model
M3 and the data from the CWNFS model were analyzed using the alternative
model M7. The model �t indexes, DIC, EBIC, and EAIC, were compared with
those �t indexes from M2 and M6 to determine how accurately the true models
can be selected.
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TABLE 5
Simulation Results for the Categorical Direct

Autoregressive Factor Score (CDAFS) Models

TRUE ME SD MSE AS-CONa

b11 0.4 0.38 0.084 0.089 0.98(.01)
b22 0.5 0.47 0.081 0.086 0.97(.02)
r12 � 0.85 � 0.83 0.047 0.045 � 0.57(.19)
œ11 1 1.04 0.126 0.124 1.08(.10)
œ21 1 1.03 0.096 0.097 1.09(.09)
œ31 1 1.03 0.098 0.095 1.09(.10)
œ41 0.9 0.92 0.089 0.104 0.95(.08)
œ52 0.9 0.92 0.087 0.096 0.94(.08)
œ62 0.9 0.92 0.084 0.098 0.94(.08)
q11 0.5 0.54 0.121 0.118 0.51(.09)
q22 0.1 0.10 0.038 0.045 0.18(.04)
q33 0.05 0.07 0.032 0.039 0.14(.04)
q44 0.3 0.34 0.071 0.085 0.38(.06)
q55 0.2 0.21 0.063 0.065 0.28(.05)
q66 0.2 0.23 0.072 0.067 0.29(.06)

Model Selectionb

DIC EBIC EAIC

M2 69 98 91
M3 31 2 9

Note. The number in parenthesis is the standard error.
aThe simulated categorical data were analyzed as contin-

uous data.
bThe number means how many times the model (M2 or

M3) was chosen based on the �t statistics.
TRUE: True parameter value; ME: Mean parameter es-

timate; SD: Standard deviation; MSE: Mean standard er-
ror; DIC: Deviance information criterion; EAIC: Extended
Akaike's information criterion; EBIC: Extended Bayesian in-
formation criterion.

The results for the CDAFS model are presented in Table 5. For every pa-
rameter, the one standard error con�dence interval contains the true parameter
value. Furthermore, the differences between the true parameter values and the
mean estimates are quite small. The SEs for the autoregressive parameters and
the correlation between factors are underestimated, and the SEs for the factor
loadings and the uniqueness variances are almost all overestimated, although the
differences are very small. Overall, the Bayesian estimation method works well
for this model. When the data were analyzed as continuous data, the estimates
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for the autoregressive parameters are highly overestimated and the estimate for
the factor correlation is highly underestimated. Finally,when comparing the true
model (M2) and the alternative model (M3), only 69 out 100 replications prefer
M2 based on DIC. EBIC is the most accurate among the three indexes, as it
correctly chose the true model 98 times out of 100 replications.

The results for the CWNFS model are presented in Table 6. The most notice-
able result is that all the parameters are consistently overestimated. However,
one SE con�dence interval contains the true value for each parameter. For the
SE, there is no consistent difference. Furthermore, when analyzing the data as
continuous data, the correlation between factors is also underestimated. Finally,
when comparing the true model (M6) and the alternative model(M7), only 48
out of 100 replications yielded the true model based on DIC. EBIC and EAIC
correctly distinguished the true model 59 times out of 100 replications from the
alternative model.

CONCLUSION AND DISCUSSION

We have illustrated the modeling of categorical time seriesdata using dynamic
factor models based on constructing relationships betweenthe observed cate-
gorical variables and the underlying continuous variables. The corresponding
CDAFS and CWNFS models can be constructed on the underlying continuous
variables and estimated using Bayesian methods via Gibbs sampling. The appli-
cation of the models and estimation method were demonstrated on the affective
data. Complementary simulation studies demonstrated the effective performance
of the models and the estimation method.

The merits of dynamic factor models have been discussed in previous arti-
cles (e.g., Molenaar, 1985; Nesselroade et al., 2001) and will not be repeated
here. Because the same data have been analyzed in Nesselroade et al., assum-
ing that the data are continuous, we focus on the comparisonsof the results
from our current analysis and Nesselroade et al. First, the estimation method
used in Nesselroade et al. is the asymptotic MLE, which violates the indepen-
dence of observations assumption although it can obtain consistent parameter
estimates (Zhang, Hamaker, & Nesselroade, 2008). Our Bayesian estimation
method works directly on the raw data and actually considersthe dependence
of the data. Second, our estimate of the factor inter-correlation is consistently
larger than that from Nesselroade et al., which is shown to beattributable to
the difference between the categorical model and continuous model in the sim-
ulation studies. Thus, modeling the categorical data set using categorical DFMs
presented in this study seems more appropriate than modeling them with con-
tinuous DFMs.

We constructed the categorical DFMs within an underlying variable frame-
work. To identify the model, we put constraints on the thresholds. In this appli-
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TABLE 6
Simulation Results for the CWNFS Models

TRUE ME SD MSE AS-CONa

œ011 1 1.07 0.146 0.134 2.30(.22)
œ021 1 1.07 0.125 0.105 2.35(.18)
œ031 1 1.06 0.107 0.103 2.33(.18)
œ042 1 1.07 0.154 0.121 2.33(.19)
œ052 1 1.06 0.122 0.113 2.33(.19)
œ062 1 1.05 0.105 0.111 2.33(.20)
œ111 .2 0.25 0.109 0.115 1.35(.29)
œ121 .2 0.26 0.093 0.098 1.33(.28)
œ131 .2 0.26 0.084 0.097 1.36(.29)
œ142 .2 0.26 0.100 0.109 1.48(.37)
œ152 .2 0.27 0.085 0.104 1.49(.38)
œ162 .2 0.26 0.089 0.103 1.48(.37)
q11 .5 0.54 0.108 0.119 .52(.08)
q22 .1 0.12 0.046 0.049 .17(.05)
q33 .1 0.12 0.046 0.049 .19(.05)
q44 .3 0.33 0.088 0.087 .37(.08)
q55 .2 0.22 0.069 0.069 .28(.07)
q66 .2 0.22 0.075 0.068 .27(.08)
r12 � .85 � 0.85 0.044 0.040 � .65(.07)

Model Selectionb

DIC EBIC EAIC

M6 48 59 59
M7 52 41 41

Note. The number in parenthesis is the standard error.
aThe simulated categorical data were analyzed as continu-

ous data.
bThe number means how many times the model (M6 or

M7) was chosen based on the �t statistics.
TRUE: True parameter value; ME: Mean parameter esti-

mate; SD: Standard deviation; MSE: Mean standard error; DIC:
Deviance information criterion; EAIC: Extended Akaike's in-
formation criterion; EBIC: Extended Bayesian informationcri-
terion.

cation of the Bayesian estimation procedure, we �rst calculated the thresholds
and then �xed all of them, although we only needed to �x some ofthem to
identify the model (e.g., Shi & Lee, 1998). Both from previous studies (e.g.,
Olsson, 1979; Shi & Lee, 1998) and our experience, the estimated thresholds
were very close to the calculated thresholds from Eq (10). However, �xing all
the thresholds shortened computation time.
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Prior elicitation perhaps plays a crucial role in Bayesian inference (e.g., Gel-
man, 2006; Gelman, Carlin, Stern, & Rubin, 2003), but it is yet under researched.
Prior elicitation is usually dependent on the models. For our categorical DFMs,
only the non-informative priors were used. Based on the dataanalysis and sim-
ulation study, those priors seemed appropriate and useful.However, the non-
informative priors may result in slow mixing of the posteriors if more complex
models are adopted and missing data are present. In this case, different priors
can be compared to choose the proper priors (e.g., Gelman, 2006; Kass &
Wasserman, 1996) or informative priors can be constructed based on available
information (e.g., Ibrahim & Chen, 2000; Zhang, Hamagami, Wang, Grimm, &
Nesselroade, 2007).

As pointed out earlier, continuous dynamic factor models have been estimated
as an SEM model through both MLE and least squares estimationmethods. Simi-
larly, categorical DFMs can be viewed as SEM models with categorical variables.
To estimate the models, we can �rst calculate the lagged polychoric correlation
matrix and then estimate the parameters using SEM software.However, the
limitations in estimating continuous DFMs (e.g., Browne & Nesselroade, 2005;
Zhang, Hamaker, et al., 2008) still exist and may even becomeworse with cat-
egorical models. The proposed Bayesian estimation method,instead, does not
have these limitations.

The dynamic DFMs can also be constructed in the framework of latent trait
models (e.g., Moustaki, 2000; Moustaki & Knott, 2000). Dunson (2003) pro-
posed a dynamic latent trait model that can analyze mixture data of continuous,
ordinal, and count variables. However, the dynamic latent trait model in Dunson
is not a strict dynamic model because the data used are actually longitudinal
data with only several waves of observation instead of time series data (at least
more than 50 occasions of observations). Thus, Dunson's model requires the
number of participants to be large enough to perform the analysis. Our model,
however, requires one participant with adequately large repeated observations.

Finally, as was pointed out by Nesselroade et al. (2001) regarding the WNFS
and DAFS models, neither the CDAFS model nor the CWNFS model speci�-
cation can be viewed as a “winner” in the modeling process. The choice of the
application of the two models should be mainly based on substantive consider-
ations. From our empirical experience, the modeling of the CWNFS model is
quite a bit easier in terms of computation. Furthermore, thelag relation between
the latent factors and the observed variable is totally explicit for the CWNFS
model. However, the CDAFS model can reveal more informationabout the dy-
namic processes of the latent factors by modeling the directautoregressive and
cross-regressive structure of factors. This is why Browne and Nesselroade (2005)
labeled it “the process model.”

Some unsolved problems remain but they are beyond the scope of this article.
First, although the estimation method is good enough for us to make valid
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inference given that the length of the time series is only 100and the bias of the
estimates is relatively small, the inconsistencies of SEs for the CDAFS model and
the bias for the CWNFS model are troubling and should be further investigated.
Second, in comparing models, the claim for all three �t indexes is that smaller
values mean better �t. However, there is no criterion to decide how large an
improvement in a given �t index makes the model selection determinant. For the
CWNFS model, especially, we found that none of the three criteria worked very
well. Thus, the alternative model �t statistics need to be considered. Last but not
least, although measurement error (usually refers to misspeci�cation) has seemed
to be a neglected research area in the study of categorical data (Gustafson, 2004;
Liu & Agresti, 2005), it is a topic that deserves serious attention if categorical
DFMs are to gain more favor with researchers.
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APPENDIX

(A) WinBUGS Codes for the CDAFS Models

model{
for (t in 1:T){

for (p in 1:P){
y[t,p]~dcat(pp[t,p,1:C])

for (c in 1:C-1){
qqphi[t,p,c]<-(thresh[p,c]

-mu[t,p])/sqrt(q[p])
qq[t,p,c]<-phi(qqphi[t,p,c])
}

pp[t,p,1]<-qq[t,p,1]
for ( c in 2:C-1){ pp[t,p,c]<-qq[t,p,c]

-qq[t,p,c-1]}
pp[t,p,C]<-1-qq[t,p,C-1]}

for (p in 1:3){mu[t,p]<-lam[p]*f[t,1]}
for (p in 4:6){ mu[t,p]<-lam[p]*f[t,2]}}

for (t in 2:T){
f[t,1:2]~dmnorm(muf[t,1:2],tauv[1:2,1:2])
muf[t,1]<-b[1]*f[t-1,1]+b[2]*f[t-1,2]
muf[t,2]<-b[3]*f[t-1,1]+b[4]*f[t-1,2] }

f[1,1:2]~dmnorm(f0[1:2], tauv[1:2,1:2])
f0[1]~dnorm(0, 1.0E-6); f0[2] ~dnorm(0, 1.0E-6)
tauv[1:2,1:2]<-inverse(R[1:2,1:2])
R[1,1]<-1; R[2,2]<-1; R[1,2]<-R[2,1]; R[2,1]<-r21
r21~dunif(-1,1)
for (p in 1:6){

lam[p]~dnorm(0,.001)
q[p]~ dgamma(0.001, .001) }

for (i in 1:4){ b[i]~dnorm(0,.001)}
for (i in 1:4){Par[i]<-b[i]}
Par[5]<-r21
for (i in 1:6){

Par[5+i]<-lam[i]
Par[11+i]<-q[i]}

}

(The starting values and data are omitted from here for the sake of space.)
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(B) WinBUGS Codes for the CWNFS Models

model{
for (t in 1:T){

for (p in 1:P){
y[t,p]~dcat(pp[t,p,1:C])

for (c in 1:C-1){
qqphi[t,p,c]<-(thresh[p,c]

-mu[t,p])/sqrt(q[p])
qq[t,p,c]<-phi(qqphi[t,p,c]) }

pp[t,p,1]<-qq[t,p,1]
for ( c in 2:C-1){

pp[t,p,c]<-qq[t,p,c]-qq[t,p,c-1]}
pp[t,p,C]<-1-qq[t,p,C-1] }}

for (t in 2:T){
for (p in 1:3){

mu[t,p]<-lam0[p]*f[t,1]+lam1[p]
*f[t-1,1] }

for (p in 4:6){
mu[t,p]<-lam0[p]*f[t,2]+lam1[p]

*f[t-1,2]}
}
for (p in 1:3){

mu[1,p]<-lam0[p]*f[1,1]+lam1[p]*f0[1]}
for (p in 4:6){

mu[1,p]<-lam0[p]*f[1,2]+lam1[p]*f0[2]}
for (t in 1:T){

f[t,1:2]~dmnorm(muf[1:2],tauv[1:2,1:2])}
muf[1]~dnorm(0,1.0E-6); muf[2] ~dnorm(0,1.0E-6)
f0[1:2]~dmnorm(muf[1:2],tauv[1:2,1:2])
tauv[1:2,1:2]<-inverse(R[1:2,1:2])
R[1,1]<-1; R[2,2]<-1; R[1,2]<-R[2,1]; R[2,1]<-r21
r21~dunif(-1,1)
for (p in 1:6){

lam0[p]~dnorm(0,.001)
lam1[p]~dnorm(0,.001)
q[p]~ dgamma(0.001, .001) }

for (i in 1:P){
Par[i]<-lam0[i]
Par[6+i]<-lam1[i]
Par[12+i]<-q[i] }

Par[19]<-r21
}

(The starting values and data are omitted from here for the sake of space.)


